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On the Range Spectral Loss in InSAR
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Abstract—Range spectral loss, a common issue in Synthetic
Aperture Radar Interferometry (InSAR) caused by the
wavenumber shift, Radio Frequency Interference (RFI), and
intentional bandpass filtering, has not been systematically
characterized, potentially leading to misinterpretations of its
effects. To address this problem, we develop a comprehensive,
end-to-end analytical framework based on the spectral
representation of the SAR range signal. Within this framework,
we systematically derive the effects of range spectral loss on the
point target response, the interferogram, and the estimates
obtained via the range split-spectrum method. We find that non-
dispersive processes do not affect these outputs; instead, effects
arise solely from dispersive processes, primarily that associated
with the ionosphere. The impacts on interferograms are generally
negligible. However, the errors introduced into quantities
estimated by the range split-spectrum method can be
nonnegligible, depending on the observation conditions. These
findings clarify potential misinterpretations, alleviate concerns
about interferograms, and draw attention to the possible effects
on quantities derived from the range split-spectrum method in
the presence of range spectral loss.

Index Terms—Radio Frequency Interference (RFI), range
split-spectrum method, spectrum, Synthetic Aperture Radar
Interferometry (InSAR), wavenumber shift

NOMENCLATURE

DIP Dominant Ionospheric Phase.
SIP Secondary lonospheric Phase.

CSIP Constant Secondary lonospheric Phase.

VSIP  Varying Secondary lonospheric Phase.

PPV Peak Phase Variation.

OPV Original-peak-position Phase Variation.

SSP Spectral-Shifting Phase.

SSIP Spectral-Shifting Ionospheric Phase.

DDIP  Differential Dominant Ionospheric Phase.
DCSIP Differential Constant Secondary lonospheric Phase.
DSSIP  Differential Spectral-Shifting Ionospheric Phase.
PVP Position Variation Phase.

BVP Bandwidth Variation Phase.

SAR Synthetic Aperture Radar.

InSAR  Synthetic Aperture Radar Interferometry.

RFI Radio Frequency Interference.

TEC Total Electron Content.
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FBD Fine mode Dual polarization (ALOS-2/4).

FWD  Fine mode Wide Dual polarization (ALOS-4).

HBQ High-sensitive mode Full (Quad.) polarimetry
(ALOS-2/4).

UBS Ultra-fine mode Single polarization (ALOS-2/4).

UWD  Ultra-fine mode Wide Dual polarization (ALOS-4).

WBD  ScanSAR nominal [I14MHz] mode Dual

polarization (ALOS-2).

1. INTRODUCTION

RANSMITTING a wide-bandwidth pulse is fundamental
to achieving high range resolution in Synthetic
Aperture Radar (SAR). However, the wide-bandwidth

range spectrum is frequently subject to spectral loss,
particularly when the data are used in SAR interferometry
(InSAR). The most prevalent form of the range spectral loss

arises from the range spectral shift induced by the
perpendicular baseline [1]:
_ By
2Af_Rtan(B—ot) M

where f, is the radar carrier frequency, B, is the perpendicular
baseline, R is the slant range, 6 is the look angle, and « is the
terrain slope angle. The factor of 2 before Af is introduced
here to facilitate subsequent analysis. In view of this problem,
the orbits of modern SAR satellites are tightly controlled to
minimize the range spectral shift, often leading to an orbital
tube diameter of less than 500 m [2-5]. Consequently, the
resulting 2Af is generally considered small. However, it also
depends on the look angle and terrain slope angle, which can
render it appreciable or even significant. Specifically,
substantial variation in 2Af may occur due to the large look
angle variations from near to far range in modern satellite
SAR systems, which are often characterized by a wide swath
(e.g., >200 km). Furthermore, an even more pronounced 2Af
can be caused by the terrain slope. For a slope facing toward
the radar, where the slope angle approaches the look angle,
even a minimal perpendicular baseline can induce an
exceptionally large 2Af. In contrast, for slopes facing away
from the radar, 2ZAf remains minimal.

The Radio Frequency Interference (RFI) represents another
significant source of range spectral loss. The RFI refers to
undesired signals from other radiation sources operating in the
same frequency band that are captured by the SAR system. It
has become increasingly prevalent due to the growing
congestion of electromagnetic spectrum resources, particularly
within the long-wavelength bands [6]. Such interference can
severely degrade SAR data quality, consequently undermining
a wide range of downstream applications [7]. A variety of RFI
mitigation techniques have been developed [8]. The simplest
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and most widely adopted approach is notch filtering in the
range-frequency domain, which inevitably leads to range
spectral loss. Such an approach is routinely adopted in a
number of SAR missions, including the ALOS series [9], [10],
Sentinel-1 [11], and LuTan-1 [12], as well as upcoming
missions such as ROSE-L [13].

Range spectral loss can also arise from intentional
bandpass filtering of the range spectrum. For example, the
range split-spectrum method employs bandpass filtering to
generate two or more sub-bands. This method has been used to
determine the absolute InSAR phase [14], estimate the
residual range offset between a pair of images (i.e., the
spectral-diversity method) [15], and estimate the InSAR
ionospheric phase [16]. Notably, ionospheric phase estimation
via the range split-spectrum method has become an
indispensable component of modern L-band SAR systems and
InSAR software packages. The total range spectral loss
incurred by applying this method thus stems from a
combination of bandpass filtering, range spectral shift, and/or
the RFI, thereby resulting in a highly complex scenario.

Range spectral loss is inherently linked to the radar carrier
frequency (or wavelength), a fundamental parameter that
governs phase measurements in InSAR. Moreover, the
frequency-independent  (non-dispersive) and frequency-
dependent (dispersive) components of the InSAR signal are
affected differently in the presence of range spectral loss. A
critical question therefore arises: Does range spectral loss
introduce significant biases into the expected InSAR phase?
Furthermore, does it introduce significant biases into the
various quantities estimated by the range split-spectrum
method? And if so, can these biases be rigorously quantified?
Despite the prevalence of range spectral loss in InSAR, these
problems remain insufficiently investigated and are not yet
fully understood. For example, confusion associated with
range spectral loss has arisen in the range split-spectrum
method for estimating the InSAR ionospheric phase [16] and
in the calculation of the effective vertical interferometric
wavenumber used in PolInSAR [17]. Moreover, determining
whether range spectral loss contributes to the range ramp
frequently observed in large-scale InNSAR measurements is of
great interest, given the appreciable variations in range
spectral loss from near to far range induced by the range
spectral shift in wide swath modes.

In this work, we conduct a systematic and comprehensive
investigation of the range spectral loss in InSAR through an
end-to-end analysis based on the spectral representation of the
SAR signal. The remainder of the paper is organized as
follows. Section II analyzes the effects of range spectral loss
on the point target response. Sections III and IV examine its
effects on InSAR and on the range split-spectrum method,
respectively. In Sections V and VI, the key theoretical findings
are validated by both simulations and real-data experiments.
Section VII provides further discussion on related issues.
Finally, Section VIII concludes the paper.

II. POINT TARGET RESPONSE

A. Point Target Response in the Absence of the lonosphere

Based on (A.8) in Appendix A, the spectrum of the point
target response can be expressed as
Stoas (1) = rect{ b s 4 £ Hyeom(7 4 1
: Htropo(f + f(:) ' Hiono(f + fc)
where f is the range frequency, f; is the carrier frequency, K,
is the linear FM rate, T, is the signal duration, and Hys(f),
Hgeom(f)s Hiropo (f), and Higno (f) are the transfer functions
of the target backscattering, geometric, tropospheric, and
ionospheric systems, respectively. For each physical process,
we assume that different frequency components experience
uniform attenuation within the spectral range of the SAR
system; therefore, attenuation can be neglected without
affecting the subsequent analysis. Within the spectral range of
the SAR system, the target reflectivity can be assumed to be
invariant:

@

Hys(f) = exp{jpns} 3)
where @y is a constant phase. The geometric effect is caused
by a constant time delay tgeom:

ngom(f) = exp{_jznftgeom} (4)
The troposphere is generally considered a non-dispersive
medium [18], although some studies indicate that heavy rain
can induce weak dispersive effects [19]. Its effect can be
represented by a constant time delay ti.qpo:

Htropo(f) = exp{_jznfttropo} (5)
Therefore, all these physical processes can be classified as
non-dispersive processes that are frequency-independent. In
contrast, the ionospheric effect is dispersive, which will be
addressed in Section II-B.

The time-domain point target response is obtained by

applying the inverse Fourier transform to the spectrum:

Sfocus(t) = f Sfocus(f) EXp{jZHft} df (6)

Its phase comprises three components:
(1) a constant phase, @pon_gisp, arising from non-dispersive
processes, including backscattering, geometric delay, and
tropospheric delay;
(2) a constant phase, @;on, , induced by the dispersive
ionosphere; and
(3) a time-varying phase, ¢,,(At), which characterizes the
phase variation with respect to the peak position, where At
denotes the time offset relative to the peak position.
Considering the non-dispersive processes alone, Hps(f +
fe)s Hgeom (f + fc), and Hipopo (f + f¢) contain only constant
and linear terms with respect to frequency. After the inverse
Fourier transform, the constant term manifests as a constant
phase in the time domain, while the linear term leads to a shift
in the target position. Consequently, (6) can be expressed as
Sfocus(t) =T, SinC{KrTT(t - tgeom - ttropo)}
: exp{j(gobs - 27-’:fctgeom - Zﬂf(:ttropo)}
= T, sinc{K, T, (t = tgeom — ttropo)}
: exp{jqonon—disp}

0
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where

Pnon-disp = Pbs — znfctgeom - 2T[fcttropo (8)
To summarize, these non-dispersive processes lead only to a
frequency-independent delay in the target position and a
constant phase that depends on the radar carrier frequency.
When expressed in the same units, these two quantities are
equal if the backscattering phase is excluded. No time-varying
phase is generated.

B. Point Target Response in the Presence of the lonosphere

Neglecting the bending of the propagation path, the two-way
ionospheric phase for a monochromatic wave can be
expressed as [20]

inf1 K. K.
¢iono(f) ZT[_f_;delo t 3fNBmagCOSGdl0

3
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where N is the electron number density, By,,g is the Earth’s
magnetic flux density, 8 is the angle between the Earth’s
magnetic field and the electromagnetic wave propagation
direction, TEC is the total electron content along the
propagation path, and c is the speed of light in vacuum. The
constants are defined as K, =4031m3/s? , K;=
113 x 102 A-m?*/(s-kg) , K,; =812.38m®/s* , and
K,, = 1.58 x 10?2 A> - m3/kg® . Two approximations are
introduced in (9). The first retains only the leading term in the
square brackets, while the second retains terms up to the
second order in the Taylor series expansion. The errors
introduced by these approximations are sufficiently small for
the following analysis, as demonstrated in Appendix B.

Note that the negative sign of ¢;,,0(f) in (9) indicates that
it represents a phase advance under the adopted convention.
The transfer function of the ionospheric system can be
expressed as [21], [22]

HionoU + fc) = exp{_j¢iono(f + fc)}

2
= exp {j 4:;(2 TEC [1 - ]5 + (}é) ]}

= exp{j(o — 2, f + 1y, f2)}
where

(10)

(11)

The three terms in the last line of (10) represent distinct
ionospheric effects:
(1) pg is a constant term, corresponding to a two-way constant
phase advance in the time domain, termed the Dominant
Ionospheric Phase (DIP), @pp.
(2) —2mu,f is a linear term, corresponding to a two-way
position delay of p; in the time domain. The position delay
and the phase advance are equal in magnitude when expressed
in the same units.
(3) mu,f? is a quadratic term that alters the time-frequency
relationship of the linear FM signal, leading to an FM rate
mismatch of AK = u,K? during focusing. The inverse Fourier
transform of this phase term is derived in Appendix C.

By incorporating Hiono(f + f;) , the time-domain point
target response can be expressed as

Sfocus(t) = Tr eXp{j((pr - 2nfctgeom - ancttropo)} (12)

! exp{i#o} Sth(t - tgeom - ttropo - Hl)
where sqq¢(t) is defined in (C.1) and approximated
analytically in (C.5). The peak position is located at
tpeak = tgeom + ttropo + i
2K,
= tgeom + ttropo + Cf_ZTEC

c

(13)

As shown in Appendix C, the quadratic phase term
introduced by the ionosphere gives rise to a time-domain
phase, termed the Secondary Ionospheric Phase (SIP), which
can be expressed as the sum of a Constant Secondary
Ionospheric Phase (CSIP), ¢csp , and a time-Varying
Secondary lonospheric Phase (VSIP), @ygp,, with the time
measured relative to the peak position. Therefore, the phase of
the point target response can be expressed as

Pfocus = (pnon—disp * Piono
= Pnon-disp T @pIp T Psip
= Pnon-disp T ¥pIp T Pcsip T Pysip
Within a region centered around the peak position with a
radius of 1/m resolution cell, termed the phase-stable region,
the VSIP can be neglected. The CSIP can be calculated as
2 2 2
Pcsip =g=§AK<%) =%#2 =% (15)
where the QPE is the Quadratic Phase Error, and B = |K,.|T,
is the signal bandwidth. The phase at the peak position is
directly obtained by removing the VSIP from (14):
(ppeak = gonon—disp + @pip + Pcsip
QPE
= @Pnon-disp + U+ T
T 2
= @Pnon-disp + U+ ?MZ

(14)

TEC

(16)
47TK2
= Pps — 2n'fctgeom - ancttropo + TTEC
c
RLLLCLAPY
3cf3

The CSIP is significantly smaller than the DIP. Assuming a
TEC value of 60 TECU, representing a high-TEC level for
typical SAR acquisitions, the ALOS-4 UWD mode exhibits
the largest CSIP among all cases listed in Table B.IL
Nevertheless, the resulting CSIP is only 0.29 rad, whereas the
corresponding DIP reaches 806 rad.
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tgoom + ttropo + //’/1

(b) Time-domain imaging result

Fig. 1. Illustration of the range spectral loss occuring exclusively at the ends of the spectrum.

C. Effects of Range Spectral Loss in a Simplified Scenario

Spectral loss can occur at any position within the range
spectrum. We begin with a scenario where spectral loss occurs
exclusively at the ends of the range spectrum, i.e., the
remaining spectrum consists of a single continuous segment,
as shown in Fig. 1. The center frequency of the remaining
spectrum is then shifted from 0 to Af. To derive the resulting
point target response, we first assume a hypothetical SAR
system with a carrier frequency of f! = f. +Af and a
bandwidth of B’, corresponding to the new baseband spectrum
shown in Fig. 1.

Following (13) and (16), the peak position of the new point
target response and the phase at this position under the new
SAR system are

téeak = tgeom + ttropo + Hi
2K,

(17
tgeom + ttropo + W

TEC

and
, , . QPE'
Ppeak = Pnon-disp T Ho + 3

= QPps — 27-[(fc + Af)(tgeom + ttropo)
4nK, nK,B'?
TG Tran 3 ane
where the superscript ' denotes a change in a parameter
associated with the new SAR system. The peak position
variation is given by

(18)

TEC TEC

, , 4K;Af
Atpeak = tpeak - tpeak i T 5 e Cf3 TEC (19)
c
Then,
4K, TEC K,B2
B'At =———|B'Af| < TEC 20
| peak| Cfc3 | f| ZCfC3 ( )

According to Appendix C, provided that |B’Atpeak| <1/m,
the original peak position tpe,i falls within the phase-stable

region of the new point target response. Therefore, from (20),
a critical TEC can be defined:

2cf?
K, B?
below which the phase of the new point target response at the
original peak position can always be approximated by @peax.

TECcritical = @n

Table I lists the critical TEC values for representative satellites
listed in Table B.I, considering only the widest-bandwidth
imaging mode for each satellite. The L-band values are
significantly lower than those for other bands , yet still exceed
140 TECU. Such high TEC levels are rarely observed in
practice; therefore, the above approximation is well justified.

TABLE I

CRITICAL TEC VALUES FOR REPRESENTATIVE SATELLITES.

Satellite Frequency Band Critical TEC [TECU]
BIOMASS P 1083

ALOS-2 L 150

ALOS-4 L 140

LuTan-1 L 141

L 159

NISAR S 2758

Sentinel-1 C 23420

By shifting the center frequency of the new baseband

spectrum from 0 to Af, the point target response in the

presence of spectral loss under the original SAR system is

obtained. The spectral shift does not alter the target position,

but introduces a linear phase, 2mAft, in the time domain.
Consequently, the phase at the new peak position becomes

Ppeaknew = ¢£)eak + znAft;l)eak
, . QPE'
= @non-disp T Ho + 3
+ ZnAf(tgeom + ttropo + ,Lli)

, , QPE’
= @non-disp T Ho t 2mAfug + 3

(22)

) . QPE’'
= @non-disp T Mo T (o — Ho + 2mAf ;) + 3
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The non-dispersive phase at the new peak position remains
unchanged compared with (16). In contrast, the ionospheric
phase is altered.

The original peak position lies within the phase-stable region
centered at the new peak position. However, the non-zero
center frequency introduces a time-varying phase term,
2mAfAt. Therefore, the phase at this position is
= Ppeak,new + 27TAf(tpeak - t;,)eak)
= @Ppeaknew + ZﬂAf(,Lll - ”D

) QPE’
= @Pnon-disp +Up + ZﬂAflul + T

(ppeak,ori

(23)
QPE’
= @non-disp t Ho + (o — Ho + 2mAfp) +—

We define the difference between the peak phase after
spectral loss and that of the original full spectrum as the Peak
Phase Variation (PPV):

A§0PPV = @Ppeaknew — Ppeak

PE’' — QPE
= Gty — 1o + 2WAF1) + (%)

= @ssp, + Apcsip
The first component of PPV arises from the variation in the
center frequency and, therefore, is termed the Spectral-
Shifting Phase (SSP):
Pssp, = Mo — Mo + 2mAf
_ Ank, TEC 41K,
Gl
I
]i @f)
= 21A f peak

The appr0x1mat10n in the third line is derived using a Taylor
series expansion with respect to Af up to the second order.
The second component of PPV primarily arises from the
variation in the bandwidth:
QPE’ — QPE
Apcsip = 3
_ mK;B"
© 3e(f + Af)3
. nKZTEC (87 - 8?)
3cf;
71'/12 ( B2 _ 2)
The approximatlon in the third line is valid under the
condition that f, » B,B’,|Af|. In the specific case where
spectral loss occurs at only one end of the spectrum, we have
B’ = B —2|Af]. In this case, the approximation in (26) is
equivalent to retaining terms up to second order in a Taylor
expansion with respect to Af.
A second phase difference is defined between the new and
original point target responses at the original peak position,
termed the Original-peak-position Phase Variation (OPV):

24)

47K, A
TEC + kA

c(f+ A2 EC

25)

T[KzBZ
TEC ————-TEC

3cfe’ (26)

AQDOPV = Ppeak,ori ~ Ppeak
, QPE’ — QPE
= (Ho — po + 2mAfuy) + <f

= @ssp, + APcsip
The corresponding SSP component is given by

@7

@ssp, = Mo — Ho + 2mAf 1y
c(fe +Af) cfe cf?
_ 4mK, TEC (28)
— 2 (af)?
cf?
= —2mAf —B2K

Appendix D elaborates on the underlying mechanism of the
SSP. It results from the superposition of two effects induced
by the center-frequency shift: one is the variation in the phase
of the system transfer function with respect to the center
frequency, and the other is the linear phase introduced by
shifting the center frequency from O to Af. As a result of the
superposition of these two effects,

@ssp = 2mAfAt (29)
where At denotes the time offset relative to the phase-invariant
point. This phase-invariant point coincides approximately with
the midpoint between the peak positions before and after range
spectral loss. Hence, for the PPV and OPV, ¢@gsp =
+7AfAt,ea, which is consistent with (25) and (28). The
emergence of the SSP is independent of whether the system is
dispersive or non-dispersive. However, the differences among
the original peak position, the peak position after range
spectral loss, and the phase-invariant point exist solely in
dispersive systems. To highlight the influence of the
ionosphere, we define the SSP in the OPV as the Spectral-
Shifting Ionospheric Phase (SSIP):

41K, TEC
_T[AfAtpeak - ;« (Af)z

Then, Apppy = —@ssip + APcsip, APopy = Pssip + Apcsip.
Using the above definitions, we can reformulate the phase

after range spectral loss in (22) and (23) as

— Pssip + Pcsip 31)
(ppeak,ori = (pnon—disp + @pip + Pssip + (p’CSIP

where @¢gp denotes the CSIP after range spectral loss. Note

that, according to (26), when evaluating ¢¢gp, the variation in

center frequency can be neglected, and only the variation in

bandwidth needs to be considered.

Since B K f. and Af K f,, range spectral loss generally has
a negligible effect on the peak phase. Moreover, given that
B' < B — 2|Af], Apcgp is generally larger than ¢ggp when
B > 4|Af|. For example, if f. = 1.258 GHz, B = 79.4 MHz
(the parameters of the ALOS-2 UBS mode in Table B.I),
TEC=60TECU , Af=10MHz and B' =B —2Af
(corresponding to a range spectral loss of 20 MHz occurring at
the lower end of the spectrum), then @ggp = —0.051 rad, and
A@csip = —0.118 rad. The resulting peak position variation is
—0.13 resolution cell. Although these results appear small, we
will demonstrate in Section IV that their effects on the range
split-spectrum method can still be significant.

Pssip = Pssp, = (30)

(ppeak,new = gonon—disp + @pip

D. Effective Center Frequency under Arbitrary Range
Spectral Loss

For the general case of multiple, arbitrarily located lost
spectral segments, as shown in Fig. 2, the point target response
can be obtained by coherently summing the contributions from
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all remaining spectral segments. Although deriving an
analytical solution for the final peak position and phase
remains challenging due to the different peak positions
exhibited by individual segments, we have identified several
general behaviors from the theoretical analysis below and the
extensive simulations in Section V-A.

B1 B B,
S —
f
Afy Afy Afy

Fig. 2. Illustration of multiple, arbitrarily located lost spectral
segments .

In particular, an intuitive approach is to define an effective
center frequency weighted according to the bandwidth of each
segment:

Afese = 7;;:?;2/‘1
where Af; and B; are the center frequency and bandwidth of
the i-th spectral segment, respectively, and n is the total
number of remaining spectral segments.

When spectral loss occurs exclusively at the ends of the
range spectrum, i.e., the remaining spectrum forms a single
continuous segment with a center frequency Af, both the peak
position variation and the SSP within the phase-stable region
around the peak position depend on Af, as given in (19) and
(29). For the general case of spectral loss, extensive
simulations show that although the exact peak position cannot
be predicted analytically, a phase-stable region nevertheless
persists around it. Within this region, the phase exhibits an
approximately linear variation, analogous to the SSP. In view
of this, we further define a peak-position equivalent center
frequency and an SSP equivalent center frequency by (19) and
(29), corresponding to the peak position variation and the SSP,
respectively. The defined effective center frequency Af.¢ can
accurately represent the SSP equivalent center frequency as
demonstrated by the simulations in Section V-A and
theoretically justified in Appendix E. It is less accurate for the
peak-position equivalent center frequency.

Equation (32) can also be expressed in terms of parameters
of the lost spectral segments due to, e.g., the RFI:

Afess = — ZB—?;_l ;ﬁliifmli
i=1 DRFY;
where Afrpy, and By, are the center frequency and bandwidth

(32)

(33)

of the i-th RFI, respectively, and m is the total number of RFI
signals. Specifically, when m =1, i.e., only one RFI is
present, (33) can be simplified as

Brrt
Mot =—5—5— B Afrr
RFI

This indicates that the slope of the SSP within the phase-stable
region is approximately linearly dependent on the RFI center

frequency, with a negative coefficient determined by the RFI
bandwidth.

(34)

E. Summary of this Section

Quadrature demodulation and matched filtering eliminate all
time-varying characteristics from the phase of the SAR signal,
leaving only a phasor representation determined by
propagation-related  physical processes. Non-dispersive
processes involving backscattering, geometry, and the
troposphere introduce a frequency-independent position delay
given by (7) and a constant phase given by (8). If
backscattering is not considered, these two quantities are equal
when expressed in the same units. The ionosphere is the sole
significant dispersive process considered here, introducing a
position delay yu,, a constant phase advance DIP, and a time-
varying phase SIP that all depend on center frequency, f,. The
position delay and the phase advance are equal in magnitude
when expressed in the same units. Within the phase-stable
region, the SIP can be approximated by the CSIP, as the VSIP
is negligible. The full phase expression is given by (16).

The spectral loss occurring exclusively at the ends of the
range spectrum applies to both the wavenumber-shift case and
the intentional bandpass filtering case treated later. Two
scenarios arise, depending on whether the center frequency is
shifted to zero following the spectral loss. In the case where it
is, the signal becomes equivalent to the point target response
of a new SAR system. Consequently, the full-band results
remain applicable, requiring only an update of the carrier
frequency and bandwidth parameters. The non-dispersive
phase, DIP, and CSIP all vary with the new system
parameters, but VSIP remains approximately zero, as
indicated by (18). In terms of target position, the non-
dispersive delay stays constant, whereas the ionospheric delay
varies. Generally, the original peak position remains within
the phase-stable region centered around the new peak position.

In the other scenario, the non-zero center frequency due to
spectral loss is not shifted to zero. The resulting point target
response differs from the previous case only by a linear phase
in time, with the target position unchanged. This linear phase
cancels the variations in the non-dispersive phase and DIP
from the previous case, restoring the phase to that of the
original full-band signal. Accordingly, the leftover phase is the
SSP, as shown in (25) and (28). The time-domain phase within
the phase-stable region can then be expressed as

Ploss = Pnon—disp T Poip T Pssp + Pesip
Table II summarizes the phases for the above scenarios.

The phase-invariant point, where @gsp = 0, approximately
coincides with the midpoint between the peak positions before
and after range spectral loss. For a non-dispersive system,
these three positions coincide, which explains why range
spectral loss has no effect on the non-dispersive peak phase.
For a dispersive system, these three positions differ;
consequently, the SSP terms in the PPV and OPV are
approximately equal in magnitude but opposite in sign (i.e.,
—SSIP and +SSIP), as shown in (31).

(33)
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TABLE II
POINT TARGET RESPONSE UNDER DIFFERENT SCENARIOS IN FIG. 1
Scenario  Bandwidth Carrier Downconverted Non-dispersive phase DIP CSIP VSIP SSp
frequency  center frequency
ATK, nK,B?
e B fe 0 Ps — 27 fctgeom — 27 fctiropo o7 TEC 3czfc3 TEC ~0 -
4mK. K, B'?
b i _ _ 2 TRy ~
2 B fo +Af Af Pbs — 2T fetgeom — 2T fcliropo of. TEC WTEC ~0 2mAfAt
—2n(f, + Af)t 41K, K. B'?
3¢ B’ fc +Af 0 Pos (fc f) geom 72..[, sziTEC ~0 _
= 21(fe + Af)tiropo c(fe +Af) 3c(f. + Af)3

a Point target response of full band.

b Point target response with range spectral loss, but without shifting center frequency to zero.
¢ Point target response with range spectral loss, with center frequency shifted to zero.

The generalized case of multiple, arbitrarily located lost
spectral segments can be approached via coherently summing
the individual point target responses from each segment of the
remaining spectrum. Here, we consider only the second case,
where the center-frequency shift is not compensated after the
loss. The analytical solution is not provided for the peak
position of the superposed response. However, a phase-stable
region still exists around the peak position, and the linear
phase variation within this region can be well predicted by the
effective center frequency given by (32).

III. INTERFEROGRAM

A. Signal Model of Distributed Target

Under the first-order Born approximation, the distributed
target is modeled as a superposition of numerous non-
interacting elementary point targets embedded in a perfectly
absorbing background [23]. Assuming that all elementary
point targets within a distributed target are subject to identical
tropospheric and ionospheric effects, with differences arising
solely from geometric range variations, the time-domain
signal of the distributed target can be expressed as

I T A ———

+ fc)(tgeom,r + ttropo,r + ur)} Hiono,rU
+ f.) exp{j2nft}df du,
where tgeom, 18 the geometric time delay of the distributed

(36)

target center, u,. is the relative geometric time delay between
an elementary point target and the distributed target center,
tiropor 18 the tropospheric time delay, v,(u,) is the
reflectivity density of the distributed target, Hino - (f + f.) is
given by (10), and the term exp{j2rft} is the kernel of the
inverse Fourier transform that transforms the spectrum in (2)
to the time domain. Parameters that vary between acquisitions
are distinguished by subscripts, where the subscript ‘7’
specifically denotes the reference signal, whereas for the
secondary signal, the subscript ‘s’ is adopted. The integration
limits of u, are determined by the spatial extent of the
distributed target; however, they are assumed to be infinite
here for analytical convenience. The implications of this
assumption are discussed in Appendix F.

The position of the distributed target center is given by t =
tgeomyr  tiropor T 1> Where py, denotes the ionosphere-

induced time delay. Evaluating the signal at this position
yields
Zr = pr(tgeom,r + ttropo,r + :ul,r)
= exp{_jzn'fc(tgeom,r + ttropo,r)}
+o0 +00
3| { | vt expi—jents

—00

+ fc)ur} dur} rect {ﬁ} Hiono,rU

+fo) exp{j2nfu,  } df
= exp{—jZn’fC (tgeom,r + ttropo,r)} exp{jtu(),r}

+00
. f_w rect{ﬁ}%(f
+f) exp{jmuy, f2} df
where V,.(f) = fj{: v.(u,) exp{—j2nfu,}du, is the Fourier
transform of the reflectivity density v, (u,.).

Since the relative geometric time delay u, between an
elementary point target and the distributed target center is
defined along the range direction, it varies with the radar look
angle. Therefore, we define an alternative relative geometric
time delay along the ground slope as u = 2Ax/c, where Ax is
the distance between the point target and the distributed target
center. This definition renders u independent of the radar look
angle. The corresponding reflectivity density and its Fourier
transform are denoted by v(u) and V (f), respectively. At the
distributed target center, given a radar look angle 6, and a
terrain slope a, the local incidence angle is 6, — . The
relationship between u and u, is u, =usin(f, —a) .
Combining with v, (u,.)du, = v(u)du, we obtain

V.(f) =V(k:f) (38)
where k, = sin(6, — «). Therefore, the spectral component of
the distributed target at frequency k,f is observed at a
different frequency f by the radar, a phenomenon known as
the wavenumber shift [1]. Substituting (38) into (37), z,
becomes

Zr = pr (tgeom,r + ttropo,r + :ul,r)
= exp{_jzn'fc(tgeorf,r + ttropo,r)} EXP{fﬂo,r}
. f_w rect {ﬁ} Vik.(f
+ f)l exp{jmp, £} df
The last term in (39) induces a stochastic behavior in the phase
of a Single Look Complex (SLC) image.

(37

(39)
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B. Effects of Range Spectral Loss

Assuming that a range spectral loss of 2ZAf occurs at the
lower end of the spectrum, which shifts the center frequency
of the remaining spectrum to Af , the position of the
distributed target center is correspondingly altered to tgeom +
teropor + M1y as given in (17). Consequently, the signal in
(39) becomes

Z1,' = prl'(tgeom,'r + ttropo,‘r + /-lir)
= exp{_jznfc(tgeom,r + ttropo,r)} exp{jﬂo,r}
B

2
: k
[ Y

+ f)l exp{jmus £} exp{jzm (us
— i, )f} df
To evaluate the impact of range spectral loss on InSAR, we
calculate the expected interferogram E[z,.(z,.)*]. Assuming that
v(u) is stationary and white [24], and following Appendix F,
the autocorrelation function of V(f) is given by
EVV*(f)] = 0*8(f, — f1) (41)
which implies that non-overlapping spectral components do

not contribute to E[z,(z;.)*]. Therefore,
B

5
EloG) =0 [ espljzn(u, - i)} af
72 42)
= JZ(B —2Af) - sinc[(B - ZAf)(:ul,r - .uir)]
-exp{j2mAf (ur — #ir)}
The expected phase of the interferogram is derived as
ArgElz ()1} = 2n0f (e — i)

_ 2K,

= 27'L'Af I:Cfcz TECT - W
_ BmK,TEC, .,

~ c fc3 (Af )

Equations (39) and (40) show that the interferogram is
evaluated at tgeomy + teropor + H1r for pr(t) , and at
tgeomr T teropor + M1y for pr(t). Since the non-overlapping
spectrum in p,(t) does not contribute to the expected
interferogram, another scenario is the interferogram evaluated
at tgeomy t tiropor T M1 for both p,.(t) and py(t). In this
case, the interferometric phase calculated using the above
method becomes zero. We refer to these two scenarios as
coregistration at the actual position and coregistration at the
interferometric  effective  position, respectively. Fig. 3
illustrates these two coregistration schemes, conceptually
represented by a point target located at the distributed target
center.

According to Section II-C, within the phase-stable region
centered around the new distributed target center in the
presence of range spectral loss, the time-varying phase, i.c.,
the SSP, is 2wAfAt. In addition, the original distributed target
center lies within this phase-stable region. This explains the
difference in the interferometric phase between the two
scenarios.

(40)

TEC| (43

tgeom + ttropo + ,u‘ll

tgeom + tropo + 11

tgeom + ttropo + ,u‘,l
(a) Scenario 1 (b) Scenario 2

Fig. 3. Two coregistration schemes for computing the
interferometric phase. (a) Coregistration at the actual position
(Scenario 1). (b) Coregistration at the interferometric effective
position (Scenario 2). First row: Original reference signal.
Second row: Reference signal with artificially introduced
range spectral loss. The solid line denotes the actual position,
while the dashed line corresponds to the interferometric
effective position. For the original reference signal, the two
positions differ; for the reference signal with artificially
introduced spectral loss, they coincide.

2‘:g;eom + ttropo + ,ull

C. Interferogram in the Presence of Wavenumber Shift
Assume that the secondary signal is acquired with a look
angle 8, = 6, + A8 ; then kg = sin(6; — a) . According to
(39), the secondary signal evaluated at the distributed target
center is
Zs = DPs (tgeom,s + ttropo,s + :“1,3)
= exp{_jzr’:fc(tgeom,s + ttropo,s)} exp{jﬂo,s}

e f
~f_oo rect{m}V[ks(f
+ fo)] exp{jmuy s f 2} df
The look angle difference A8 introduces a relative shift
between the spectral components observed by the reference
and secondary signals, V[k,.(f + f,)] and V[k.(f +f.)] .
When the spectra overlap, k. (f, + f.) = k.(fs + ;) , and

f5=];—:fr+<];—:—1)fczfr+2Af

where 2Af denotes the spectral shift between the two signals
[1], and

(44)

(45)

A ke —ks AB »
f = 2kg fe~ 2tan(9r—a)fc (46)

Then the center of the overlapping spectrum is at f, — Af in
V.(f) and at f, + Af in V,(f), as shown in Fig. 4. Following
quadrature demodulation, the interferometric effective center
frequencies of the reference and secondary signals become
—Af and Af, respectively.

It should be noted that range common-band filtering for
removing the non-overlapping spectra does not affect the
expected interferogram, but rather reduces the noise level of
the interferogram. Combining (39), (44), and (F.9), the
expected interferogram between the reference and secondary
signals can be expressed as
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V() v(p)

e

v(p)

fet+Af / ksfe /
B

(a) Slant range spectrum (b) Ground range spectrum
Fig. 4. Illustration of spectral shift. First row: The spectrum of
reference signal. Second row: The spectrum of secondary
signal. The shaded area denotes the overlapping spectral
regions.

E[ZTZ;] =g? exp{_jznfc (Atgeom + Attropo)} EXp{jA[,lO}

2 iarl
-fB X lexf){j”[ﬂz,r(f_Af)z

— tas(f + Af)?]} df
=g? exp{_jznfc (Atgeom + Attropo)} EXp{jA[,lO}
2 iarl

~exp{mdu, (A | exp{jmbu,f?
—5+IAf]

— J2rAf (or + Mo s)f Y Af
The phase of E[z,z;] is given by
A§01 ~ _anc(Atgeom + Attropo) + A:“O + T[AMZ (Af)z
mAu, (B z
3 (E ~1af |)
47K, ATEC
= —21f; (Dtgeom + Atiropo) + ——F——
4nK,ATEC 2
TE (f)
4mK,ATEC /B A z
3cf? (E —1af |)
= A@non-disp T APpip + Apssip + Apcsip
Each quantity preceded by A in (47)-(48), except Af , represent
the difference in the corresponding variable between the
reference and secondary signals. In (48), the contribution of
the phase term that varies linearly with frequency f in the
integrand of (47) is approximated as zero, since the term is
antisymmetric over the symmetric integration interval. A more
general and detailed derivation is provided in Appendix G.

The use Of pr (tgeom,r + ttropo,r + .ul,r) and ps (tgeom,s +
tiropo,s T #1,5) implies that the two signals are coregistered at

(47)

fe (48)

their actual positions. The other scenario is coregistration at
the interferometric effective positions, which involves
performing the complex conjugate multiplication using
p1," (tgeom,r + ttropo,r + .ui,r) and pé(tgeom,s + ttropo,s + #;,s) .
Fig. 5 illustrates these two coregistration schemes, represented
by the point target located at the distributed target center.
Following a similiar derivation, the expected interferometric
phase is given by

ts

tgeom,s + ttropo,s + /Jllys
(b) Scenario 2

Fig. 5. Two coregistration schemes for computing the

interferometric phase. (a) Coregistration at the actual position

(Scenario 1); (b) Coregistration at the interferometric effective

position (Scenario 2). First row: Reference signal. Second

row: Secondary signal. The solid line denotes the actual

tgeom,s + ttropo,s + H1,s

(a) Scenario 1

position, while the dashed line

interferometric effective position.

corresponds to the

A‘Pz ~ _anc(Atgeom + Attropo) + A#O - T’:A:MZ (Af)z
nAu, (B 2
3 (E ~1af |)
47K, ATEC
= —21f, (Dtgeom + Atiropo) + —ef
c
41 K,ATEC
_hem e (Af)?

cf?
47K,ATEC (B |Af|)2
3cf?

+

(49)

2
= APnon-disp T APpip — Apssip + Apcsip

From (48) and (49), it can be observed that the
interferometric non-dispersive phase is independent of Af and
is therefore unaffected by spectral loss. The interferometric
ionospheric phase consists of three components: the
Differential Dominant Ionospheric Phase (DDIP), the
Differential Spectral-Shifting lonospheric Phase (DSSIP), and
the Differential Constant Secondary Ionospheric Phase
(DCSIP). The DSSIP depends on the chosen coregistration
scheme. During interferogram formation, non-overlapping
spectra can be considered “lost”. When coregistration is
performed at the actual position, it corresponds to the effect of
range spectral loss on the phase at the original peak position
described in Section II-C, i.e., the @ggip In Ppeakori in (31).
Conversely, coregistration at the interferometric effective
position corresponds to the —@sgip in Ppeaknew-

The above results indicate that the interferometric phase of a
distributed target can be consistently described using a point
target model, provided that the range spectral loss induced by
wavenumber shift is incorporated into the point target analysis
framework, although such a spectral loss does not naturally
occur for point targets.

D. Phase Error due to Coregistration Misalignment

In Section III-C, we defined two coregistration schemes: the
first based on the actual position and the second based on the
interferometric effective position. If the cross-correlation
method is employed to estimate the range offset, the non-
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overlapping spectra caused by wavenumber shift are
uncorrelated for distributed targets; therefore, they do not
contribute to the expected cross-correlation offset. However,
for point targets, the expected cross-correlation offset is
unaffected by the wavenumber shift effect. Consequently,
point targets are coregistered at their actual positions, whereas
distributed targets are coregistered at their interferometric
effective positions. Furthermore, if multiple secondary signals
are present, Af differs among interferometric pairs, leading to
varying interferometric effective positions for the same target.
In the subsequent discussion, we adopt the more intuitive first
coregistration scheme as the reference.

In practical data processing, the actual target position may
deviate from the nominal position, leading to a residual phase
error after topographic phase removal, as shown in Fig. 6.
Therefore, when analyzing coregistration misalignment after
resampling of the secondary signal, three distinct positions
need to be considered. The first is the actual position in the
reference signal, denoted by A in Fig. 6. The second is the
actual position in the resampled secondary signal, denoted by
A'. The third is the nominal position, denoted by B, i.e., the
position assumed in the processing, at which the geometric
phase difference corresponding to actual positions A and A’ is
removed for topographic phase correction. Here, At, and Atg
represent the misalignments of positions A and A’ relative to
position B in the reference and secondary signals,
respectively, hereafter referred to as the reference
misalignment and secondary misalignment. At position B, the
interferogram is formed by the complex conjugate
multiplication of p, (tgeomf + tiropor T iy + ATT) and
ps(tgeom_s + tiropo,s T s T Aty), and the corresponding
interferometric phase contains an additional misalignment
phase, augmenting the phase defined in (48):

Pmis = —ZTTAf(A‘L'T + ATS) (50)
A detailed derivation is provided in Appendix G.

Nominal position

A-B t
AT
Al !
AT

Fig. 6. Illustration of coregistration misalignment.

The point target model remains applicable for interpreting
the misalignment phase in (50). After excluding the non-
overlapping spectra caused by wavenumber shift, the
interferometric effective center frequencies are —Af for the
reference signal and Af for the secondary signal. This
introduces the SSP, i.e., linear time-varying phases with slopes

—2nAf and 2mAf , into the corresponding point target
responses. Consequently, the reference and secondary
misalignments introduce phase errors of —2mAfAt, and
2mAfAtg, respectively, and their difference yields the phase
term in (50).

If At, = Atg, the actual positions in the reference and
secondary signals are aligned after resampling. The remaining
misalignment only exists between the actual and nominal
positions, hereafter referred to as the absolute misalignment.
As shown in Fig. 7, the resulting phase error arises from the
difference in the interferometric geometric phase between A
and B:

2(|RB| — |SB]) 2(|RA| — ISAD
Pmis = —2mfe 2+ 2mf, S
2(|RB| — |RA]) _ 2(ISB| — |SAI)
= —2nfe c B c
_ gy 20RBIZIRADT _sin(0; — @) (51)
sin(6, — a)
k. —
= —ZH]CC.ATT%
= —4nAfAt,

which is consistent with (50).

Ground

Fig. 7. Illustration of absolute misalignment.

If At, =0, the misalignment exists only between the
reference and secondary signals, hereafter referred to as the
relative misalignment. In this scenario, ¢,;; = —2mAfAt,,
which is consistent with the result reported in [25]. Note that
the definitions of Af and At in this paper differ from those in
[25], leading to a factor of —2 in ¢,,;s. For the general case
where At, # 0, the phase error due to relative misalignment
becomes @, = —2mAf (At, — At,). Equation (50) can also
be reformulated as ¢, = —4nAfAt, — 2nAf (Atg — At,),
implying that coregistration misalignment can be decomposed
not only into reference and secondary misalignments, but also
into absolute and relative misalignments.

According to the results in Section II, when considering the
spectral loss induced by wavenumber shift, the phase-invariant
point in the point target response is the midpoint between the
actual position and the interferometric effective position. If
this phase-invariant point is regarded as the true target
position, the DSSIP terms in (48) and (49) can also be
interpreted in terms of coregistration misalignment. This
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coregistration-misalignment perspective will subsequently be
employed to explain the phase errors introduced in
ionospheric phase estimation using the range split-spectrum
method.

E. Summary of this Section

The signal model for distributed targets is developed based
on the superposition of numerous non-interacting elementary
point targets, and is further formulated in terms of the
reflectivity density spectrum, as given in (39). This approach
not only provides a perspective for understanding the
stochastic phase behavior of SAR signals and the wavenumber
shift effect, but also provides a means to compute the
interferometric phase under spectral-loss conditions.

For distributed targets, wavenumber shift induces range
spectral loss in the interferometric process, leading to
interferometric effective center frequencies of —Af and Af for
the reference and secondary signals, respectively. The
resulting interferometric phase is consistent with that obtained
from the point target model accounting for the spectral loss.

It should be noted that, when considering the spectral loss
induced by wavenumber shift, the center frequency is not
shifted to zero after the loss. In the corresponding point target
model, the non-dispersive phase and DIP are unaffected by the
spectral loss, but the CSIP varies with the reduced bandwidth,
and an additional time-varying phase, the SSP, emerges.
Accordingly, as given by (48) and (49), the range spectral loss
induced by wavenumber shift has no effect on the non-
dispersive components of the interferometric phase. The
interferometric ionospheric phase, in constrast, is affected. It
comprises the DDIP, the DCSIP, and the DSSIP. The DCSIP
depends on the overlapping bandwidth B — 2|Af| rather than
the full bandwidth B . The DSSIP depends on the
coregistration scheme. For coregistrations based on the actual
position and the interferometric effective position, the DSSIP
corresponds to the SSIP evaluated at the original peak position
and the new peak position after spectral loss in (31),
respectively. Fowllowing the numerical example in Section II-
C, both the DSSIP and DCSIP have negligible magnitudes.
Relative to the DDIP, the magnitudes of the DSSIP and
DCSIP are reduced by factors of (Af/f.)? and (B — 2|Af|)?/
12f2, respectively. Given that Af < f, and B « f, the DDIP
dominates the total interferometric ionospheric phase.
Consequently, correcting the DDIP alone is generally
sufficient for InSAR ionospheric phase correction.

Coregistration misalignment, which encompasses reference
and secondary misalignments, introduces additional phase
errors, as given by (50), arising from the SSP, i.e., the linear
time-varying phase introduced by spectral loss. Coregistration
misalignment can also be interpreted in terms of absolute and
relative misalignments, yielding the same misalignment phase.
The coregistration-misalignment perspective provides a
unified framework for interpreting the interferometric phase
errors in various scenarios, including the DSSIP.

IV. RANGE SPLIT-SPECTRUM METHOD

A. Sub-band Interferometric Phase

The range split-spectrum method generates two or more sub-
bands through bandpass filtering in the range-frequency
domain and has been used to determine the absolute InSAR
phase [14], estimate the residual range offset between SAR
image pairs [15] (known as the spectral-diversity method), and
estimate the InSAR ionospheric phase [16]. However, certain
variations in ionospheric effects introduced by sub-band
extraction have been overlooked in previous research. For
example, since the ionosphere-induced position delay depends
on the center frequency, extracting a sub-band shifts the target
position relative to the full-band response.

Assuming that the full-band reference and secondary images
are coregistered at the actual position, we consider a sub-band
with center frequency fg,, and bandwidth B, . Strictly
speaking, the range spectral shift between the sub-band
reference and secondary images, arising from the wavenumber
shift effect, is 2Af - f./fsup, Where 2Af is the spectral shift of
the full band. Nonetheless, the full-band spectral shift 2Af is
retained as an approximation. Accounting for quadrature
demodulation and the range spectral shift, the interferometric
effective center frequency is fsup, — f. — Af for the reference
image, and fg,p, — f; + Af for the secondary image. We first
consider the scenario in which the center frequency fg., — f
is not shifted to zero after bandpass filtering. As established in
Section III, the interferometric phase of distributed targets can
be derived using the point target model. Following (31), the
phases at the original full-band peak positions in the sub-band
images are given by

47TK2
Ppeak,orir = Pbs — anc(tgeomr + ttrnpo,r) + TTECT
c
4K, TEC,
Zf " (foub — fo = Af)?
4K, TEC
”23 r( sub |Af|)
3Cfsub )
Ppeak,oris = Pbs — anc(tgeoms + ttropo,s) + TTECS
c
4—1‘[1( TEC,
5 (foub — fo + Af)?
fé
4K, TEC
”23 s( sub |Af|)
3Cfsub
Then the interferometric phase is directly derived as
Agosub,l = (ppeak,ori,r - (ppeak,ori,s
47K, ATEC
= =21, (Dtgeom + Atiropo) + —f
Cc
4mK,ATEC
— (o = £2* + (0] )
47TKzZTEC Af - 2(fc — fsub)
cf?
4mK,ATEC
T d ( sub |Af|)
3Cfsub
where } TEC = TEC, + TEC;.
In the second scenario, the center frequency fi,, — f- is

shifted to zero after bandpass filtering by applying a linear
phase of 2 (f, — fiup)t in the time domain. Consequently, the
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interferometric phase becomes
A(psub 2 = [(ppeak ori,r + 277-'(fc fsub)
(tgeom,r + ttropo,r + :ul,r)]
- [‘ppeak,ori,s + Zﬂ(fc - fsub)
! (tgeom,s + ttropo,s + /-ll,s)]

47K, ATEC
~ =27 foub (Atgeom + Ateropo) + o
47K, ATEC s
TT.
27( Af)?

4n1<22TEc Af - 2(f. —
cf?
47K, ATEC /Bgyp
3Cf521‘1b ( |Af|)

The interferometric phases for both scenarios can also be
derived following the approach described in Appendix G. If
we treat the second scenario as an equivalent SAR system
characterized by the corresponding sub-band parameters, (54)
can be obtained directly from (48) by replacing f. and B with
fsup and Bgy, , respectively. However, (54) contains an
additional phase term

4K, Y'TEC - Af - 2(f.

cf?

This term also appears in (53). It originates from the
difference between the actual positions of the sub-band and
full-band SAR systems. In practical data processing, the
positional difference is typically neglected, with the latter
being regarded as the nominal position. Therefore, this phase
term arises from the coregistration misalignment, which is
attributable to the target position variation induced by sub-
band filtering. Following (19), the reference and secondary
misalignments are given by

4K, -
AT, = M TEC,

cfe
56
g~ HalFiuo = £2) 0

1y = 220 I g,

cfe
Therefore, according to (50), their
interferometric phase is directly derived as

Pmis = _ZTEAf(ATT + ATs)

_ 4K, YTEC - Af - 2(f;

cf?

(54)

fsub)

- fsub)

(55

impact on the

— fsub) (57)

which is equivalent to (55).

B. InSAR Ionospheric Phase Estimation

Employing the range split-spectrum method, the InSAR
ionospheric phase can be estimated [16]. To achieve the
Cramér—Rao Lower Bound (CRLB), the full band is typically
partitioned into three sub-bands of equal bandwidth, with the
first and third used for estimation [26]. Under this framework,
the InSAR ionospheric phase of the full band is estimated.
This split-spectrum scheme is referred to as the trisecting
scheme. Newer SAR missions, such as ALOS-4 [27] and
NISAR [28], incorporate an additional sideband alongside the
main band to enhance the estimation precision. In this
configuration, the range split-spectrum method is applied to
estimate the InSAR ionospheric phase of the main band. This
scheme is referred to as the main-sideband scheme.

We begin with the scenario of a full band partitioned via the
trisecting scheme. Subsequently, the ionospheric phase in the
full-band interferogram can be derived as
f;(fl?fit flz) Uqul - flA(pu)
where f; and f,, are the center frequencies of the lower and
upper sub-bands, and A, and A¢,, are the corresponding sub-
band interferometric phases.

In InSAR ionospheric phase estimation, the center frequency
of each sub-band should be shifted to zero. Therefore, (54)
should be used to calculate the sub-band interferometric
phases. By substituting f;,;, and By, with f. = B/3 and B/3,
respectively, Agp; and A, can be obtained. The phase error in
(57) is present in both interferograms. Since f, — f; and f, —
f.. are opposite in sign, the phase errors corresponding to the
lower and upper sub-bands are also opposite in sign, causing
the errors to be amplified when the two sub-band phases are
combined in (58). In the presence of these errors, the
estimated ionospheric phase becomes

41K, ATEC YTECAf 2mK,ATEC(Af)?
A@iono = of. + 47K, of2 + Cf3

[ c

A()oiono = (58)

59
, 8K,ATEC (— - Af) 2
cf? 3
A comparison with the ionospheric phase in (48) reveals
that:

(1) The first term in (59) corresponds to the desired DDIP
component to be corrected.

(2) The second term represents the phase error introduced

by (57) and is termed the Position Variation Phase

(PVP). It is expressed as

YTECAf
=4nK, ———
Ppvp TRy cf?

[

(3) The remaining terms originate from the DSSIP and the
DCSIP components of the sub-band interferograms.
Since the DSSIP and DCSIP are generally negligible, the
dominant error is the PVP.
As proposed in [29], to improve robustness, (58) can be
reformulated as

(60)

fifu fifu
Agoiono chu + fl) zfc(fu fl) (A(pl A@u) (61)
where Ag, is the full-band interferometric phase. Substituting
(54) into (61) shows that the resulting PVP is identical to that
given in (60).

Assuming TEC, = TEC; = 60 TECU and Af = 1 MHz, the
PVP is approximately 1.3 rad for L-band. PVP depends not
only on the sum of the TEC values, ), TEC, but also on the
range spectral shift, Af. In wide-swath modes, Af can vary
significantly from near range to far range, leading to a range-
varying PVP. When Y} TEC and the perpendicular baseline are
large, PVP can induce a range phase ramp that cannot be
neglected when measuring long-wavelength tectonic motions.

In the second scenario of the main-sideband scheme, the
interferometric phase of the main band can be expressed by
(48). Assuming that the sideband has a center frequency
fside = fc + feep and a bandwidth Bg4e , its interferometric
phase can be obtained from (54) as

——< Ayt <
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4nK,ATEC
A(»oside = _anside (Atgeom + Attropo) t—
Cfside
8K, Y TECAS - feep = 4mK,ATEC(Af)?
- 3 + 3
cfc cfe
41K, ATEC /By 2
2 . ( side Af)
3cfsige 2
The ionospheric phase in the main-band interferogram can
then be derived as
fsia
% (fsideA(Pmain - ch(pside)

A§0iono =2
f side c
_ 4mK,ATEC YTECAf 2mK,ATEC(Af)?
T T of?
+ 41TK2ATEC (B + Bside - 4Af) (B - Bside)
cfe 24fcfsep

The first three terms in (63) also appear in (59). The last
term originates from the asymmetric bandwidths of the main
band and the sideband, which lead to different DCSIP values.
It is termed the Bandwidth Variation Phase (BVP). The BVP
consists of a Af-dependent component and a Af-independent
component. Given that B + Bgjq4e is typically much greater
than Af , the Af -independent component constitutes the
primary source of error. Furthermore, taking NISAR’s 20+5
MHz, 40+5 MHz, and ALOS-4’s 28+10 MHz modes as
examples, all of them satisfy B — Bgjge < fsep- Given that
|ATEC| < Y. TEC, the Af-dependent component is generally an
order of magnitude smaller than the PVP. For simplicity, the
BVP can therefore be assumed to contain only the Af -
independent component

4nK,ATEC B? — B%,,
(p —
BVP Cfc

(62)

(63)

_ B?—BZg4.

24fifrep | 2Hefiep O

From (64), the BVP is approximately proportional to the
DDIP. Among the three aforementioned operating modes,
NISAR’s 40+5 MHz mode results in the largest
proportionality coefficient, which is only approximately 0.001.
For ATEC = 60 TECU, the DDIP is around 806 rad, and the
resulting BVP is only 0.8 rad. Furthermore, since InSAR
measures relative phase changes and the ionosphere is a
spatially slowly varying medium, the impact of BVP is
minimal. In practice, the variation in DDIP within a single
SAR scene rarely exceeds 100 cycles. The corresponding
variation in BVP across the scene is less than 0.1 cycle
(0.3 rad). Consequently, the BVP can generally be neglected
for L-band systems. Accounting for this term becomes
essential only in scenarios characterized by exceptionally large
swath widths or severe ionospheric disturbances.

(64)

C. Remarks on the PVP

In both the trisecting and main-sideband schemes, the
analytical expression for PVP remains identical. It is
independent of the frequency separation between the two sub-
bands. The coupling of ) TEC and Af may give rise to a non-
zero closure phase in any closed loop of interferograms. Given
three SAR images indexed by i, j, and k, we can form three
interferograms, I;;, Iy and Iy;. The closure phase induced by
the PVP is given by

A@pyp,;, = Ppvp;; T PpvP,; — PPVP,

4nK,
= [ETEC;;Af;j + XTEC;xAfjr — STEC; Afy]
_4AnK,
=7
where the sum of range spectral shifts satisfies a closure
condition of Af;; + Afj, — Afy, = 0. It should be noted that
the PVP is a phase error introduced during ionospheric phase
estimation. It does not explain the origin of non-zero closure
phases in the uncorrected interferograms, but rather
contributes to the non-zero closure phases observed after
ionospheric phase correction.

It is also instructive to examine how the PVP affects InSAR
time-series analysis. First, ) TEC is strongly correlated with
time. Second, Af is a function of radar look angle and
perpendicular baseline. This typically causes the PVP to
manifest as a range phase ramp, particularly in wide-swath
modes. For satellites with well-controlled orbits, the
perpendicular baseline is generally not correlated with time.
Consequently, the PVP does not accumulate systematically
over time, and its impact is negligible for InSAR time series
generated from a sufficiently large stack of SAR images.
However, if the orbit systematically drifts over time, as
observed with ALOS-1 [30], [31], the PVP can significantly
bias the estimated time series. A detailed derivation is
provided in Appendix H.

(65)

[ATEC;Af;j — ATEC;;Af]

D. Absolute InSAR Phase Determination

Employing the range split-spectrum method, the absolute
InSAR phase can be determined [14], [32]. It is primarily
employed in single-pass InSAR systems, including airborne
and spaceborne platforms, for generating the Digital Elevation
Models (DEMs). In such scenarios, the phase terms associated
with target backscattering properties, tropospheric delays, and
ionospheric advances cancel out in the interferometric phase,
leaving only the phase term due to geometric delays.

Assume that the two sub-bands have center frequencies of f;
and f, and share a common bandwidth By, . The center
frequency of each sub-band is shifted to zero. The absolute
InSAR phase can be derived as
= ﬁ ()
As the center frequencies of the sub-bands are shifted to zero,
the sub-band interferometric phases A¢@; and A¢,, should be
calculated using (54). In the airborne scenario, there are no
TEC-related terms. However, in the spaceborne scenario,
although ATEC = 0, the sub-band interferometric phases still
contain terms related to Y, TEC, which induce a phase error in
(66). Consequently, the estimated absolute InSAR phase

becomes
8nK, - Y'TEC - Af
Agoabsolute = _anc(Atgeom + Attropo) - Zcf—z (67)
Cc

The phase error in (67) is twice the PVP, but with the
opposite sign. The coefficient associated with the PVP stems
from the difference between (58) and (66). Assuming a
perpendicular baseline of 1500 m, a look angle of 30°, flat

A(pabsolute (66)
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terrain (a = 0), and other parameters from [5], Af in (46) can
reach approximately 2.3 MHz. If TEC, = TEC; = 60 TECU,
the error in the estimated absolute phase is approximately
5.9rad. If we use the estimated absolute phase to determine
the integer number of 27 in the wrapped phase A@yrappeas this
integer can be calculated as

A(pwrapped - A()oabsolute}

2m
Given the magnitude of the error in (67), there is a low

probability that the estimated m is corrupted. If the estimated

absolute phase is directly converted to a DEM, then the

corresponding height error in the resulting DEM is

cR sin 6,

4Anf.B,
2K, R sin 6,

fEBL

_ K;sin6,

" f2tan(6, — a)
where A@error 1S the second phase term in (67), B, is the
perpendicular baseline, and R is the slant range. Remarkably,
herror 18 independent of the perpendicular baseline. Under the
aforementioned imaging geometry and ionospheric conditions,
the resulting DEM consistently exhibits a height error of 26.4
m, regardless of variations in the perpendicular baseline.

m= round{ (68)

herror = goerror

= - S'TEC - Af (69)

- S TEC

E. Residual Range Offset Estimation

In the previously mentioned applications of the range split-
spectrum method, it is assumed that the original full band is
free of coregistration misalignment. Now assume that there is
no absolute misalignment but only a relative misalignment Az,
ie, Ar, =0 and Aty = At , in the original full band.
Employing the range split-spectrum method, the residual
range offset At between the reference and secondary images
[15] can be estimated by

Ar = — Ap, — Ay

21T(fu - fl)

This method is commonly referred to as the spectral-diversity
method. The full band is typically partitioned using the
trisecting scheme. The center frequency of each sub-band is
not shifted to zero after bandpass filtering. Therefore, (53)
should be used to calculate the sub-band interferometric
phases. As established in Section III-D, the residual range
offset induces a phase term of —2mAfAt in the interferometric
phase of the original full band. Since the sub-band center
frequency is shifted from 0 to f;,, — f., the induced phase
term in the sub-band interferometric phase is expressed as
—2n(fsup — fe + Af)AT. A detailed derivation is provided in
Appendix G.

In the trisecting scheme, the two sub-bands are characterized
by a common bandwidth Bg,, and symmetric center
frequencies, such that f; + f, =2f, The resulting
interferometric phases of the sub-bands are given by

(70)

47K, ATEC
A§0l = _Zﬂf(:(Atgeom + Attrﬂpo) t—

47K, ATEC e
T
o = 17 + (0]
c
| 4T ETEC: Af - 2(fe = f1)
cf?
4K, ATEC [Baypy 2
T (P~ ap)
3cf; 2
—2n(f, — f. + Af)AT
47K, ATEC
Ap, = _Zﬂf(:(Atgeom + Attrﬂpo) t—

cfe
4nK,ATEC
o = 1+ )]
c
4AnK,YTEC - Af - 2(f. — f)
+ 3
cfe ,
47K, ATEC (Bgyp )
3cf3 ( 2 141
—2n(fy = fe + Af)AT
Substituting (71) into (70) and neglecting the difference in the
DCSIP between Ag; and Ag,,, the estimated offset, in units of
range resolution cells, is given by

(71)

BY.TECAf
Axestimated = BATestimated ~ BAT + 4'KZ T
c

The estimation error of the range offset equals the PVP
scaled by B/mf., a coefficient that originates from the
difference between (58) and (70). Assuming TEC, = TEC, =
60 TECU and Af =1MHz , the estimation error is
approximately 0.026 resolution cell for the ALOS-2 UBS
mode. Note that the bandwidth of the ALOS-2 UBS mode is
approximately 80 MHz, occupying nearly the entire 85 MHz
spectrum allocated for active remote sensing at L-band.
Therefore, the resulting error is negligible for L-band systems.

It is worth noting that a residual range offset At induces a
phase error of —2mAfAt, which depends solely on the spectral
shift arising from wavenumber shift and persists even in the
absence of the ionosphere. This phase term was not considered
in previous studies, and its potential impact on the estimation
of At in (70) was therefore overlooked. Nevertheless, this
error is present in both sub-band interferograms. If the
difference in Af between the lower and upper bands is
neglected, this error completely cancels out in Ag,, — Ag; and
does not affect the estimated range offset.

(72)

F. Summary of this Section

In the range split-spectrum method, two sources of spectral
loss must be distinguished: one stemming from intentional
bandpass filtering, and the other arising from wavenumber
shift. In the context of ionospheric phase estimation, the non-
zero center frequency due to bandpass filtering is typically
shifted back to zero, and the complex conjugate product of the
filtered data is treated as the interferogram of an equivalent
SAR system with the corresponding sub-band parameters.
This standard practice, however, does not account for two
important factors: the spectral loss induced by wavenumber
shift and the target position variation resulting from sub-band
filtering.
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These two issues can be assessed in the sub-band
interferograms. As shown in Section III, wavenumber shift
modifies the DCSIP through bandwidth reduction and induces
the DSSIP; both phase components are small and largely
cancel out when combining the sub-band interferograms for
implementating the range split-spectrum method. Meanwhile,
the target position in the full-band image is typically taken as
the nominal position for the sub-bands; consequently, the
target position variation resulting from sub-band filtering
manifests as a coregistration misalignment in the sub-band
interferograms. In the presence of wavenumber shift, this
coregistration misalignment yields an additional phase, as
given by (57). Although small by itself, this phase is greatly
amplified when combining the sub-band interferograms,
leading to the PVP error in the ionospheric phase estimate, as
given by (60). Notably, the PVP is independent of the
frequency separation between the two sub-bands.

The PVP is appreciable under large perpendicular baselines
or strong ionospheric activity. It generally manifests as a
range-dependent trend and can introduce closure phases for
interferograms with ionospheric phase corrected, particularly
in wide-swath modes. Moreover, if the satellite orbit exhibits a
systematic drift over time, the PVP may substantially bias
InSAR time-series analysis. Similar errors are also present in
other applications of the range split-spectrum method, such as
absolute InSAR phase determination and residual range offset
estimation, as given by (67) and (72).

When the two subbands have different bandwidths, as in the
main-sideband scheme, the DCSIP is not canceled in the
subband combination and becomes amplified, resulting in the
BVP error in the ionospheric phase estimate, as given by (64).
The BVP is approximately proportional to the DDIP, with the
proportionality coefficient typically less than 0.001, and thus
can generally be neglected.

V. SIMULATION

We perform simulations using the SAR system parameters
of the ALOS-2 UBS mode, as summarized in Table III. We
simulate the complete range-direction SAR imaging process,
encompassing signal transmission, propagation, reception,
demodulation, and range compression via matched filtering.
Note that a range-direction simulation alone is sufficient, as
the azimuth direction is irrelevant to the analysis.

TABLE III
SYSTEM PARAMETERS FROM ALOS-2 UBS MODE

Parameter Value
Center Frequency [MHz] 1257.5
Bandwidth [MHz] 79.4
Range Sampling Rate [MHz] 104.8
Pulse Duration [ps] 61.2
Look Angle [deg] 36.2
Slant Range at Scene Center [m] 767574.5
Ground Surface Slope [deg] 5.0

The ground surface is assumed to exhibit a uniform slope.
The scatterers are randomly distributed along the slope, with
their reflectivities following a zero-mean circular complex
Gaussian distribution. In total, 500 range pixels are generated.
Given the small spatial extent, the Earth curvature is neglected
in the imaging geometry. The ionospheric effect is
incorporated by applying the ionospheric transfer function
given in (10) to the SAR signal in the range-frequency
domain. The tropospheric effect is not considered.

For a spatially constant TEC, we first coherently sum the
echo signals from all scatterers and then apply the ionospheric
effect to the resulting composite SAR signal. For a range-
varying TEC, the ionospheric effect must be applied to the
echo signal of each individual scatterer before coherent
summation.

A. Point Target Response

For point target imaging, we retain only a single scatterer on
the ground and assume a reflectivity of 1 (¢u,s =0) for
simplicity. A TEC of 60 TECU is applied to the simulated
echo signal. A range spectral loss of 2Af = 20 MHz occurs at
the lower end of the spectrum. The point target response are
obtained with the sampling rate increased by a factor of 100.

The resulting point target response is shown in Fig. 8. The
ionosphere induces a delay of 8.11 resolution cells in the
target position, while the range spectral loss causes a relatively
minor shift of —0.13 resolution cells in the target position.
The simulated PPV and OPV are —0.166 and —0.067 rad,
respectively, which are in close agreement with the
approximated values of —0.169 and —0.067 rad computed
using (24) and (27). The range spectral loss also leads to a
broadening of the main lobe of the point target response.

In the absence of the ionosphere, the phase of the point
target response is constant over time. After the ionospheric
effect is introduced, the phase becomes time-varying. Notably,
within the phase-stable region, the variation remains
sufficiently small to be negligible. The range spectral loss
leads to a linear phase ramp in the time domain, and the
phase-stable region is broadened due to the reduced
bandwidth.

Fig. 9 shows the variations in the peak position and the
phase of the point target response with the bandwidth of range
spectral loss at either end. The simulation results are in good
agreement with the theoretical predictions. In particular,
according to (31), both the PPV and OPV consist of two
components: the change in the CSIP, which is induced
primarily by the bandwidth change, and the SSIP, which is
induced by the center frequency shift. The sum and difference
of these two components from theoretical predictions show
excellent agreement with the PPV and OPV obtained from
simulations. The small perturbations observed in the simulated
peak position shift and PPV are caused by signal
discretization. In general, the peak position shift is relatively
small, not exceeding one-third of a resolution cell. Within this
range, the time-varying phase resulting from the ionosphere-
induced FM-rate mismatch can be neglected.



IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING

0_
_10_
720_

laannn /\/\/\/\/\/\[\(\

(\/\/\[\[\/\f\/\ NNAA A

1

=

Magnitude [dB]

Fosooooooilod

Phase [rad]
(=}

P "‘A/\/\/\/\./\[\/\/\ !

__________\__

ANN /\/\/\/\/\[\/\/\ .
-5 0 5

-10

15 10 15
Resolution Cells

(a)

-10 s 0 5 10 15
Resolution Cells

(®)

-15

Fig. 8. Point target response. (a) Magnitude; (b) Phase. First row: No ionospheric effects. Second row: A TEC of 60 TECU is
applied. Third row: A TEC of 60 TECU is applied together with a range spectral loss of 2Af = 20 MHz applied to the lower end
of the spectrum. The gray dashed lines indicate the peak positions of the point target responses. The gray dotted lines indicate the

phase-stable regions.
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Fig. 9. Variations in (a) the peak position and (b) the phase of the point target response with the bandwidth of range spectral loss
at either end. A TEC of 60 TECU is applied. The center frequency after range spectral loss is denote by Af, and the bandwidth of
the lost spectrum is 2|Af|. If Af > 0, the loss occurs at the lower end of the spectrum; if Af < 0, it occurs at the higher end.

The range spectral loss caused by RFI removal does not

necessarily occur exactly at the ends of the spectrum. Fig. 10
shows different spectral-loss scenarios and the corresponding
imaging results. Compared to the first row, the peak position
variations in the second, third, and fourth rows are 0, 0.01,
and 0.03 resolution cells, respectively; the values of PPV are
0.085, 0.031, and —0.010 rad; the values of OPV are 0.085,
0.033, and —0.002 rad. Several key observations emerge from
the simulations:
(1) Peak position: When spectral loss splits the spectrum into
two or more segments, predicting the peak position of the
superposed response is challenging. The intuitive rule that the
peak shifts in the direction opposite to the loss location does
not always hold. In general, however, a more asymmetric and
edge-concentrated spectral loss induces a larger peak shift.

(2) Imaging quality: The main lobe narrows and the sidelobes
intensify as range spectral loss shifts closer to the center of the
spectrum. Conversely, the response magnitude deviate less
from the standard sinc-function shape when range spectral loss
occurs closer to the ends of the spectrum.

(3) Time-varying phase: The location of range spectral loss
has a significant impact on the time-varying phase; however, a
phase-stable region persists around the peak position. Within
this region, the phase varies approximately linearly.

(4) PPV and OPV: Regardless of the location of range spectral
loss, these phase variations remain minimal. From a relative
perspective, the range spectral loss occurring at the spectral
center exerts the most pronounced influence on these terms.
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Fig. 11. Relationships between the effective center frequency and the peak-position equivalent center frequency, and between the
effective center frequency and the SSP equivalent center frequency. The larger blue dots represent scenarios with a single lost

spectral segment.

Fig. 11 examines the relationships between the effective
center frequency and the peak-position equivalent center
frequency, and between the effective center frequency and the
SSP equivalent center frequency, all of which are defined in
Section II-D. The simulations are performed for three total lost
bandwidth values of 10, 20, and 40 MHz. To obtain a finite
number of simulation scenarios, the continuous parameter
space is discretized by considering up to three lost spectral
segments. The bandwidth of each lost spectral segment is
varied with an approximate interval of 1 MHz, while the
bandwidth of each remaining spectral segment is varied with
an approximate interval of 4 MHz. This discretization yielding
30,771, 79,815, and 90,685 scenarios for the three total lost
bandwidths, respectively. The results show that the SSP
equivalent center frequency is in excellent agreement with the
effective center frequency. However, the peak-position
equivalent center frequency exhibits varying degrees of
deviations from the effective center frequency. The
discontinuities in the figure are caused by insufficient
oversampling of the signal.

B. Interferogram

To validate the theoretically derived interferometric phase
under range spectral loss, we perform simulations for
distributed targets. The TEC values in the reference and
secondary signals are set to 80 TECU and 20 TECU,
respectively. The offset between the reference and secondary
signals can be precisely computed from the known imaging
geometry and ionospheric delays, thereby allowing for precise
coregistration. Furthermore, because the ionospheric effects
are known, we can reconstruct the true target positions as they
would be in the absence of the ionosphere, enabling precise
removal of the geometric phase.

In each simulation, we repeat the entire process 500 times,
with only the elementary scatterers on the ground being
randomly generated. The results from the independent
realizations are then averaged. Since the 500 pixels span a
very small spatial extent in the high-resolution UBS mode, we
can assume that Af essentially remains constant across all
pixels. Therefore, we further average the results over the range
direction to obtain the final result.
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Fig. 12 shows the phase of the interferogram between the
reference signals with (p,-(t)) and without (p,(t)) range
spectral loss. The target position tgeomr + teropor + Hir OF
pr(t) is coregistered to the target position tgeomr + teropo,r +
uyr of pr(t), ie., coregistration at the actual position. The
result is precisely predicted by (43). If both signals are
coregistered at  position tgeomr t tropor T Hir 5 1-€.
coregistration at the interferometric effective position, the
interferometric phase becomes zero. This validates that non-
overlapping spectral components do not contribute to the
expected interferometric phase. Although the original
reference signal without range spectral loss retains its full
spectrum, the non-overlapping spectral components are
effectively “lost” during interferometric processing, resulting
in the shift of the interferometric effective center frequency
and the corresponding interferometric effective position.
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Fig. 12. Phase of the interferogram between the reference

signals with and without range spectral loss, p,(t) and p,.(t).

The interferogram is evaluated at tgeomr + tiropor T Hi,r fOT

pr(£), and tgeomr + tiropor + M1 for py(t), i.e., coregistered

at the actual position.
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Fig. 13 shows the interferometric phase between the
reference and secondary signals, with the geometric phase and
the DDIP removed. Two results are presented. As shown in
Fig. 5, in the first scenario, the reference and secondary
signals are coregistered at the actual position, whereas in the
second scenario, they are coregistered at the interferometric
effective position. The two results are well predicted by (48)
and (49), respectively. Only minor discrepancies are observed.
First, (45) shows that the frequencies of the reference and
secondary signals are related by a linear transformation
involving both translation and scaling. However, for
simplicity, this transformation is approximated by an
equivalent translation in the subsequent theoretical
derivations. Second, the derivation of the interferometric
phase in Appendices E and F involves several additional
approximations. These factors might have contributed to the
observed discrepancies.
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Fig. 13. Interferometric phase with the geometric phase and
the DDIP removed. Scenario 1: The reference and secondary
signals are coregistered at the actual positions corresponding
to their full-band spectra. The resulting interferometric phase
is computed using (48). Scenario 2: The reference and
secondary signals are coregistered at the interferometric
effective positions corresponding to their overlapping spectra.
The resulting interferometric phase is computed using (49).

C. Range Split-Spectrum Method

We conduct simulations for the range split-spectrum method
in the contexts of InSAR ionospheric phase estimation,
absolute InSAR phase determination, and residual range offset
estimation. As in Section V-B, unless otherwise stated, the
TEC values in the reference and secondary signals are set to
80 TECU and 20 TECU, respectively.

We begin with InSAR ionospheric phase estimation using
the trisecting scheme. The reference and secondary signals are
bandpass filtered to extract the lower- and upper-band signals.
The center frequency of each sub-band signal is shifted to zero
after bandpass filtering. The sub-band signals are coregistered
and then used to form the sub-band interferograms. Since the
phase exhibits negligible variation along the range direction
after removal of the geometric phase, phase unwrapping is not
required. The 2w phase ambiguity is resolved using prior
knowledge of the true DDIP.

Fig. 14 shows the sub-band interferometric phases, with the
geometric phase and DDIP removed. Again, we present two
results. In the first scenario, the sub-band signals are
coregistered at positions corresponding to those of the full-
band spectra. This strategy represents the approach commonly
adopted in real data processing. In the second scenario, all
four sub-band signals are coregistered to the position of the
full-band reference signal. This represents an ideal scenario in
which the target position variations induced by sub-band
filtering are eliminated. The two results are well predicted by
(54) and (48), respectively. As the sub-band bandwidth is
reduced to one-third of the full bandwidth, DCSIP is reduced
to one-ninth of its full-band value. Consequently, in the
second scenario, the interferometric phase with the geometric
phase and DDIP removed is much smaller than the full-band
result shown in Fig. 13.
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Fig. 14. The sub-band interferometric phase with the geometric phase and DDIP removed. Scenario 1: The sub-band signals are
coregistered at positions corresponding to those of the full-band spectra. The resulting interferometric phase is computed using
(54). Scenario 2: All four subband signals are coregistered to the position of the full-band reference signal. The resulting

interferometric phase is computed using (48).
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Fig. 15. Ionospheric phase estimated by the range split-
spectrum method. Scenario 1: The sub-band signals are
coregistered at positions corresponding to the full-band
spectra. Scenario 2: All four subband signals are coregistered
to the position of the full-band reference signal.

Fig. 15 shows the estimated ionospheric phase in the full-
band interferogram for the two scenarios. In the second
scenario, the orange dashed line represents the true DDIP,
with the DCSIP and DSSIP terms in (48) omitted because of
their negligible magnitudes. Adding the PVP given by (60) to
the true DDIP yields the result shown by the orange solid line
corresponding to the first scenario. These theoretical results
agree well with the simulated results, thereby validating the
derived PVP term. In the subsequent simulations of the range
split-spectrum method, we only consider the first scenario and
verify the corresponding error derived in Section I'V.

For InSAR ionospheric phase estimation using the main-
sideband scheme, the full-band signals are first filtered to
extract the main band and sideband. The main-band signals
are processed following the standard InSAR workflow, while
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Fig. 16. BVP as a function of the separation between the
center frequencies of the main band and the sideband.
Theoretical Af -independent component of BVP is computed
using (64).

the sideband signals are coregistered using the offset derived
from the main-band signals. Following geometric phase
removal and phase ambiguity resolution, the main-band and
sideband interferometric phases are used to estimate the
InSAR ionospheric phase in the main-band interferogram.
Consequently, the result contains both PVP and BVP.

Fig. 16 shows the BVP obtained by subtracting DDIP and
PVP from the estimated ionospheric phase. Equation (64)
accurately characterizes the BVP when the perpendicular
baseline is zero. Although the BVP also depends on Af,
simulation results show that it varies only slightly even with a
perpendicular baseline of up to 1000 m. Therefore, neglecting
the dependence of BVP on Af is justified, allowing (64) to
serve as a reliable approximation.
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Fig. 17. Absolute InSAR phase determination by the range split-spectrum method. (a) A comparison of the estimated absolute
phase and true absolute phase, which only contains geometric phase due to a perpendicular baseline of 1000 m. (b) Variation of
the estimation error with the perpendicular baseline. The estimation error can be precisely computed using (67).

For absolute InSAR phase determination, we also adopt the
trisecting scheme. The frequency separation is relatively large.
Consequently, when the perpendicular baseline exceeds
1000 m, the difference between the interferometric phases of
the two sub-bands falls outside the principal range of (-, ],
rendering the method inapplicable. Accordingly, the
perpendicular baseline is limited to no more than 1000 m in
the simulation. The TEC values of the reference and
secondary signals are set to be equal, both at 50 TECU.
Therefore, the interferometric phase contains no ionospheric
phase and consists solely of the geometric phase.

Fig. 17 (a) presents the absolute phase estimated using (66)
with a perpendicular baseline of 1000 m. Compared with the
true absolute phase, the estimation error is clearly observed.
Fig. 17 (b) shows that the simulated estimation error increases
with the perpendicular baseline, which is in good agreement
with the theoretical estimation error predicted by (67).

Finally, we employ the trisecting scheme to estimate the
residual range offset. Unlike the other two applications, the
center frequency is not shifted to zero. We intentionally
introduce an offset error of 0.2 pixels (approximately 0.15
resolution cells) during resampling. Two datasets from the
previous experiment are employed: one with TEC values of 80
TECU and 20 TECU for the reference and secondary signals,
respectively, and the other with a TEC value of 50 TECU for
both signals.

Fig. 18 presents the estimated residual range offset. Again,
the estimation error is clearly visible and increases with the
perpendicular baseline. Since the two datasets have the same
sum of the TEC values (i.e., ) TEC), the range split-spectrum
method is expected to yield identical estimates in theory, as
expressed by (72). When ATEC = 0, the simulation results
agree well with the theoretical predictions. However, when
ATEC # 0, some minor discrepancies are observed. These can
be attributed to various approximations made in the derivation
of (72), which neglect certain terms related to ATEC.

e  Simu, ATECZ0 .
0241 4 Simu, ATEC=0 *
= Theo. °
80227 ---- True
(=] [ ]
=t 0 o#
= ) & *
= 0.20 o
L) *
: .
S 0.18 "
P e
@) el
0.161 ot
S e
0 500 1000 1500 2000 2500 3000

Perpendicular Baseline [m]
Fig. 18. Residual range offset estimation by the range split-
spectrum method (known as the spectral-diversity method).
The dots represent the simulation results with TEC values of
80 TECU and 20 TECU for the reference and secondary
signals, respectively, while the stars correspond to the case
where both signals have a TEC value of 50 TECU.

VI. REAL-DATA EXPERIMENT

We conduct several real-data experiments to validate the
significant errors derived in Sections II-IV.

A. Point Target Response

We use high-resolution ALOS-2 UBS mode data containing
corner reflectors [33] to analyze the point target response. The
UBS mode is a stripmap mode. The data were acquired in the
Kantd region of Japan. The corner reflector used in the
analysis is shown in Fig. 19. We oversample the image by a
factor of 32 and then apply bandpass filtering according to the
trisecting scheme, without shifting the center frequency of
each sub-band to zero.

Fig. 20 shows the range profiles of the oversampled
response of the corner reflector. The peak positions of the
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corner reflector in the upper and lower bands exhibit
symmetric shifts of equal magnitude in opposite directions.
The original peak position lies within the phase-stable region
of the sub-bands. Within this region, the phase varies
approximately linearly, with the phase slopes in the lower and
upper bands having equal magnitudes and opposite signs.

Fig. 19. A corner reflector in the SAR image acquired by
ALOS-2 in UBS mode.
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Fig. 20. Range profiles of the oversampled response of the
corner reflector. The dashed lines indicate the peak positions,
and the dotted lines denote the phase-stable region.

B. PVP in the Estimated InSAR lonospheric Phase

We use wide-swath ALOS-2 WBD mode data to conduct
experiments on the range split-spectrum method for InSAR
ionospheric phase estimation. The WBD mode is a ScanSAR
mode comprising five sub-swaths with a total swath width of
350 km, featuring an appreciable variation in Af across the
swath due to wavenumber shift. The data were acquired over
the West Coast of the United States.

It is impossible to obtain the exact TEC experienced by the
radar signals for wvalidation. Fortunately, the ionospheric
transfer function in (10) is linear in TEC. Therefore, we
artificially introduce an additional TEC into the data and
examine its effects. The additional TEC is approximately 65
TECU, corresponding to an exact 2-pixel shift (approximately

17.17 m) in the range direction. Using an integer-pixel shift
avoids the need for resampling in the subsequent processing.
We generate interferograms from the reprocessed data and
estimate the resulting InSAR ionospheric phase using the
ALOS-2 modules [34], [35] in the ISCE software [36].
Equation (59) shows that, by removing the InSAR ionospheric
phase estimated using the original data, the phase components
attributable solely to the artificially introduced TEC can be
isolated. To further simplify the experiment, the same TEC is
injected into both the reference and secondary images.
Consequently, the ATEC remains unchanged, and so do the
phase terms associated with it, including the DDIP, the
DSSIP, and the DCSIP. In contrast, the Y TEC increases,
resulting in an increase in the PVP. Importantly, the PVP is
the only phase error term that depends on ) TEC and is also
the dominant error term, since the DSSIP and DCSIP are
generally negligible. Therefore, the difference between the
ionospheric phases obtained from the reprocessed and original
data is solely caused by the PVP arising from the additional
TEC in the reprocessed data, which provides an excellent
opportunity to validate the PVP. The PVP is a range-varying
phase because Af varies with range.

Fig. 21 shows the difference between the ionospheric phases
obtained from the reprocessed and original data, attributable to
the PVP arising from the additional TEC in the reprocessed
data. The result is in good agreement with that predicted by
(60). In the computation, a flat terrain is assumed, as the range
split-spectrum method requires strong spatial filtering to
estimate the ionospheric phase, which largely smooths out
topography-related variations. The range-varying nature is
clearly evident and, consequently, could obscure the measured
long-wavelength tectonic motions.

The coupling of } TEC (or ATEC) and Af in the phase error
terms in (59) can give rise to a non-zero closure phase, which
can be verified without artificially injecting TEC. To this end,
we process a stack of three ScanSAR images (see Table IV for
details). For each pair of images, we estimate the InSAR
ionospheric phase using the standard workflow, but without
filtering the estimate. Instead, the filtering is applied to the
sum of the ionospheric phase estimates. The result in Fig. 22
clearly exhibits non-zero closure phases with a distinct range-
varying pattern, which is primarily attributable to the PVP.

TABLE IV
SCANSAR IMAGE STACK FOR VERIFYING THE CLOSURE
PHASE ERROR.
Image Index AC(g;i:lon I]’;;S;rilg;c[ué?]r TEC Level
1 2015/02/28 -344 High
2 (Reference) 2019/09/21 0 Low
3 2023/03/04 233 High
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Fig. 21. Difference between the ionospheric phases from the reprocessed and original data, attributable to the PVP arising from
the additional TEC in the reprocessed data. (a) Real-data result. (b) Theoretical result computed using (60). Region: The West
Coast of the United States. Data: ALOS-2 WBD mode.

~116° ~114°
oz i =1
0 4
340 1 340
E
2
= —200 -
[}
3
m
k=
5
2 400
320 | 320 S
o
£
[}
(=W
-600 -
-0.5 0.0 0.5 2021-02 2021-04 2021-06
Closure Phase [rad] Date

Fig. 22. Non-zero closure phase in the InSAR ionospheric ~ Fig. 23. Perpendicular baselines. Region: The West Coast of
phase estimated by the range split-spectrum method. Region:  the United States. Data: ALOS-2 WBD mode.

The West Coast of the United States. Data: ALOS-2 WBD

mode.



IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING

—124°

—122°

—124°

—122°

42° |

40° -

380 4

g

-120°

23

(@) ; (b)
—124° —122° —120° —124° -120°
- .
-8 -4 0
Velocity Error [mm/yr]

Fig. 24. Velocity error induced by the PVP. (a) Result from the stack of the first 9 acquisitions. (b) Result from the stack of the

last 9 acquisitions.

As noted in Section IV-C and Appendix H, the PVP may
introduce a range-varying bias in the InSAR time series,
unless the perpendicular baseline is temporally uncorrelated.
To verify this bias, we use 10 consecutive images. The
perpendicular baselines shown in Fig. 23 clearly exhibit
temporal correlation. Two stacks are processed: the first 9
acquisitions and the last 9 acquisitions. For each stack, we
retrieve the TEC experienced by the SAR data using the JPLD
Global Ionospheric Map (GIM) product [37]. We then
compute the PVP according to (60). Finally, the PVP is
allocated to each acquisition via least-squares adjustment
performed in a fully connected network. The resulting PVP
series are used to estimate a displacement velocity error.

The results are shown in Fig. 24. The temporal correlation of
the perpendicular baselines in the second stack is substantially
higher than that in the first stack. Consequently, the range
ramp error in the velocity estimated from the second stack is
significantly larger. The PVP here is computed using accurate
values of Af derived from the imaging geometry and the
slope/aspect information extracted from a DEM. This result
reflects the expected displacement velocity estimation error
caused by the range split-spectrum method. This error exhibits
not only an evident range-varying trend but also a strong
topographic dependence, with distinct values for different
slopes. However, as previously noted, such topographic details
can be smoothed out in real data processing, which typically
employs a strong spatial filter.

C. Error in the Estimated Residual Range Offset

We use ALOS-2 HBQ mode data acquired in stripmap mode
to conduct experiments on the range split-spectrum method for
residual range offset estimation. The data were acquired over
the West Coast of the United States.

Similar to the estimation of the ionospheric phase, we
artificially introduce an additional TEC into the data and
examine its effects. The additional TEC is approximately
54 TECU, which corresponds to an exact S5-pixel shift
(approximately 14.30 m) in the range direction. Each image is
augmented by exactly the same TEC, resulting in an additional
ionosphere-induced position delay that is identical across all
images. The geometric offset is used to coregister both the
original and reprocessed images. Consequently, the residual
range offsets in the reprocessed data and the original data are
also expected to be exactly the same. Hence, the observed
difference between them is attributable solely to the estimation
errors in the range split-spectrum method.

Fig. 25 shows the difference between the residual range
offsets obtained from the two datasets. Note that although the
noise level of the result is significant, it remains much lower
than that of the ionospheric phase estimates. Therefore, no
spatial filtering is applied after multilooking. In computing the
theoretical error using (72), we have accurately computed Af
using a DEM instead of assuming flat terrain. The theoretical
results agree well with the real data results, not only in the
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range-varying trend but also in the distinct features on
opposite sides of the slopes.
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Fig. 25. Difference between the estimated residual range
offsets from the reprocessed and original data. (a) Real-data
result. (b) Theoretical result computed using (72). Region: The
West Coast of the United States. Data: ALOS-2 HBQ mode.
The range resolution cell size is 3.94 m, and the perpendicular
baseline at the swath center of the reference image is 406 m.

VII. DISCUSSION

A. Correction of Range Spectral Loss Effects

The preceding analysis shows that the range spectral loss
caused by the RFI generally has negligible effects on the point
target peak phase. The range spectral loss induced by
wavenumber shift also has negligible effects on the
interferometric phase. The major concern lies in the
application of the range split-spectrum method, where the
combination of the two sub-band interferograms involves
multiplication by a large coefficient, which significantly
amplifies the errors. Under conditions of large perpendicular
baselines or strong ionospheric activity, these amplified errors
may become appreciable in practice.

We use ionospheric phase estimation as an illustrative
example. Two types of errors are identified. The BVP, arising
from the unequal bandwidths of the two bands, is inherent in
the main-sideband scheme. It is proportional to ATEC. The
BVP can be computed according to (64) by substituting the
estimated ionospheric phase for the true DDIP. Since the BVP
varies only weakly across the image and InSAR measures
spatially relative phase changes, neglecting it is generally
acceptable. The PVP, on the other hand, is caused by the
coregistration misalignment induced by sub-band filtering and
the shift in the interferometric effective center frequency due
to wavenumber shift. It is proportional to »TEC-Af. In
particular, Af is pronounced in wide-swath modes, resulting in
an appreciable range-dependent trend in the PVP.

Removing the PVP directly from the SAR data is
challenging. Estimating the PVP-free ionospheric phase via a
linear combination of sub-band interferograms requires the
simultaneous cancellation of both the non-dispersive phase
and the error term given by (57). This, in turn, requires at least

three interferograms from distinct bands. Under the trisecting
scheme, the lower-, central-, and upper-band interferograms
are available, and (58) can be reformulated as
Ay = fufi(Bp1 + Apy, — 24¢,)
one 2(f& = ful?)
where Ag, is the interferometric phase of the central band.
The issue, however, is that the coefficient multiplying the
interferometric phases becomes excessively large, exceeding
2,000 for ALOS-2 UBS mode and approaching 100,000 for
ALOS-2 ScanSAR mode. Such large coefficients drastically
amplify the noise, rendering it impractical to obtain a reliable
estimate via spatially filtering the ionospheric phase originally
computed using (73) .

Alternatively, the PVP can be computed using (60) with
publicly available ionospheric VTEC products. However,
these products are often provided in low spatial and temporal
resolutions. Moreover, the radar signal does not traverse the
entire ionospheric layer. These issues lead to large
uncertainties in the TEC estimates [38] required by (60).

The randomness of perpendicular baselines effectively
mitigates the influence of PVP in time series analysis, as
shown in Appendix H. Provided that satellite orbit control
remains stable, the PVP-induced effects are generally
negligible.

(73)

B. Target-Type Dependence

The derivations concerning InSAR in Sections III and IV
assume a distributed target. Now consider a target consisting
of a single point scatterer, commonly referred to as a
Permanent Scatterer (PS), located at the center of a resolution
cell. While wavenumber shift still occurs, range spectral loss
does not, i.e., Af = 0. Consequently, the actual position and
the interferometric effective position are identical, and the
interferometric phases in (48) and (49) reduce to a unified
form:

Ap = APpon-disp T APprp + APcsip 74
which is consistent with the point target response given in
(16).

In a more general scenario, a resolution cell consists of a
distributed target and several dominant point targets.
Neglecting the cross terms arising from the complex conjugate
multiplication between different targets, the interferometric
result can be approximated as the superposition of the
individual interferometric contributions from all targets. When
accounting for the influence of wavenumber shift on the
interferometric ionospheric phase, the results in (48) and (49)
can be adapted by replacing Af with SAf, where f (0 < B <
1) denotes the weighting factor for the distributed target. 5
also depends on the combined effects of several other factors,
including the center frequency, the local incidence angle and
the distribution of dominant point targets. Therefore, when
evaluating the PVP and other errors introduced by the range
split-spectrum method, the weighting factor § may itself vary,
further complicating the analysis. Nevertheless, ionospheric
phase estimation using the range split-spectrum method relies
on heavy multilooking and strong spatial filtering to obtain a
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low resolution estimate with sufficient precision. Accordingly,
the ground can be approximated as an ideal distributed target,
ie,f =1.

C. Interplay of Multiple Range Spectral Loss Mechanisms

The range spectral loss due to the RFI affects both the
interferometric phase and the quantities derived from the
range split-spectrum method. The impact on the
interferometric phase is twofold. First, the resulting reduction
in effective bandwidth modifies the DCSIP. Second, the
resulting spectral loss shifts the actual position, the
interferometric effective position, and the effective center
frequency. This gives rise to a phase effect analogous to the
DSSIP, but an analytical formulation is not readily available.

Regarding the impact of the RFI on the range split-spectrum
method, we take the PVP in ionospheric phase estimation as
an illustrative example. The generation of the PVP is governed
by two key factors: the nonzero effective center frequency
during the interferometric process and the shift in the actual
position caused by sub-band filtering. The first factor can be
handled by the effective center frequency defined by (32),
which applies to arbitrary RFI scenarios. The second factor
can generally be neglected when the total lost bandwidth due
to the RFI is small compared with the filter bandwidth.

Given a subband, assume that, due to the RFI, the
interferometric effective center frequencies of the reference
and secondary images are shifted from —Af and Af to —Af +
6f, and Af + 6f, respectively. Accordingly, the phase error
induced by coregistration misalignment in the subband
interferometric phase, as given in (57), becomes

Omis = 2n(—=Af + 8f)At, — 2n(Af + 6f;) At

= W [TEC,8f. — TEC,8f, — NTEC - Af]

c

The RFI-induced shifts in the interferometric effective center
frequencies, 0f, and 6f;, may differ between the two sub-
bands. Denoting the lower and upper sub-bands by the
subscripts /> and ‘u’, the resulting error in the InSAR

ionospheric phase estimated using (58) can be expressed as

2nK,
Perror = Ppvp — 7 [TEC, (8fyr + Sfur)
c

— TECs(8fys + 6fus)]

It is worth noting that wavenumber shift must also be taken
into account when computing 6f, and &f; . According to
Fig. 4, a fixed-frequency interference source may contaminate
different portions of the ground spectrum in different
observations, thereby further reducing the effective bandwidth
available for interferometric processing and consequently
exacerbating the impact of the RFI. In other words, if both the
reference and secondary images contain an RFI spanning the
frequency range |[fi,f,] , then, when determining the
interferometric effective center frequency, an additional lost
spectral segment must be considered in addition to the spectral
segments already identified as lost due to the wavenumber
shift and RFI. For the reference image, this segment spans
[fi — 2Af, f, — 2Af], whereas for the secondary image, it

spans [f; + 2Af, f, + 2Af].

(75)

(76)

For the simplified case, where the perpendicular baseline is
zero, PVP = 0, 6f,,, = 6f5, and 6f,,, = 6f,, 5. The subscripts
‘r’ and ‘s’ can be dropped, and (76) simplifies to

21K, ATEC(Sf; + 61,
Perror ¥ — 2 sz l = (77)

[

Equation (77) can be expressed as the DDIP multiplied by a
coefficient of —(8f; + 6f,)/2f,. Assuming an RFI bandwidth
of 2 MHz, this coefficient remains below 0.0005 for L-band. If
the spatial variations of § f; and §f, are neglected, the impact
of the RFI on ionospheric phase estimation can be considered
negligible.

Building on the simulations in Section V, we conducted
further experiments using the ALOS-2 UBS mode parameters.
A 2 MHz range spectral loss due to the RFI was introduced
into both the reference and secondary signals, and the InSAR
ionospheric phase was then estimated using the range split-
spectrum method. As shown in Fig. 26, the estimation results
are in good agreement with those predicted by (76). When the
perpendicular baseline is zero, the estimated ionospheric phase
exhibits a piecewise linear dependence on the RFI center
frequency, which is consistent with (77). As the baseline
increases, however, the wavenumber shift effect expands the
spectral range impacted by the RFI, leading to a more complex
dependence.
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Fig. 26. Effect of the range spectral loss due to the RFI on the
InSAR ionospheric phase estimated by the range split-
spectrum method. The data contains both a 2 MHz range
spectral loss due to the RFI and the range spectral loss due to
the wavenumber shift as a function of perpendicular baseline,
B, . The wvertical gray dotted lines mark the subband
boundaries under the trisecting scheme.

VIII. CONCLUSION

Range spectral loss is common in InSAR and can arise from
various mechanisms, including RFI removal, wavenumber
shift, and intentional bandpass filtering. This study provides a
unified analytical framework for understanding its effects on
the point target response, the interferogram, and the estimates
obtained via the range split-spectrum method. While detailed
summaries of the theoretical results are provided in each of
Sections II-IV, this section focuses on the overarching
conclusions and their connections.
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Spectral loss location distinguishes between two scenarios.
In the simple scenario (e.g., wavenumber shift and intentional
bandpass filtering), spectral loss occurs exclusively at the ends
of the range spectrum, leaving a single continuous segment.
The effects include a center-frequency shift and a bandwidth
change. In the complex scenario (e.g., RFI), spectral loss
occurs at arbitrary positions, and an effective center frequency
can be defined.

Assuming the center frequency after spectral loss is not
shifted to zero, the effects of range spectral loss can be
categorized into two classes. The first class is independent of
whether the system is dispersive or not. It appears as a center-
frequency-dependent linear phase in the time domain, i.e., the
SSP. In the complex scenario, the SSP is well predicted by the
effective center frequency. The second class arises from
dispersive processes, specifically, that associated with the
ionosphere, which causes the peak position to depend on the
center frequency and introduces a complex time-varying
phase, the SIP. A phase-stable region exists around the peak,
where the time-varying component VSIP can be neglected and
only the constant component CSIP needs to be considered. In
the simple scenario, after spectral loss, the peak position shifts
with the center frequency, and the CSIP varies primarily with
the bandwidth. In the complex scenario, however, no
analytical solution is available.

The interferometric phase of a distributed target under
various scenarios in this paper has been derived using two
independent approaches: one based on coherent integration
over elementary scatterers, and the other based on the point
target model. The two approaches yield consistent results.
Therefore, the effects of the simple loss scenario on InSAR
can be characterized by the target position shift, the CSIP, and
the SSP. The DCSIP component in the interferometric phase
depends on the bandwidth after the loss. When the range split-
spectrum method is used for ionospheric phase estimation,
unequal subband bandwidths introduce the BVP error. The
position shift and SSP are coupled: the position shift causes
coregistration misalignment, while the SSP is a linear phase;
their combination produces an additional phase term. In the
interferometric phase, this manifests as the DSSIP, which
depends on the coregistration scheme. In the ionospheric
phase estimated by the range split-spectrum method, it appears
as the PVP error. Similar errors are also present in other
estimates via the range split-spectrum method.

At L-band, for a point target response, the CSIP is typically
insignificant, generally not exceeding 0.3 rad. In the presence
of range spectral loss, the resulting SSIP and the variation in
the CSIP are even smaller, generally below 0.1 rad.
Consequently, for the interferometric phase of a distributed
target, the contributions from the DCSIP and DSSIP induced
by wavenumber shift are negligible. Therefore, in the context
of ionospheric phase correction, correcting for the DDIP alone
is sufficient. However, when estimating the InSAR
ionospheric phase using the range split-spectrum method, the
PVP error is not negligible under conditions of high
ionospheric activity and large perpendicular baselines. The

PVP can further give rise to non-zero closure phases among
the estimated ionospheric phases, and substantially bias the
deformation velocity estimates obtained from InSAR time-
series analysis when the perpendicular baselines are
temporally correlated. In the main-sideband scheme for
InSAR ionospheric phase estimation, the BVP error is
generally less than one-thousandth of the DDIP and can be
neglected.

Both simulation and real-data experimental results further
support our theoretical findings. Moreover, as discussed in
Section VII, within our theoretical framework, preliminary
analyses can also be conducted for more complex cases,
including non-ideal distributed targets and scenarios involving
multiple coexisting spectral loss mechanisms. Range spectral
loss is a complex issue in InSAR, and our findings clarify
various potential misinterpretations associated with its effects.
In general, the effects on InSAR are negligible. However, the
effects on applications employing the range split-spectrum
method can be appreciable.

APPENDIX A

A SPECTRAL REPRESENTATION OF THE SAR RANGE SIGNAL
FOR POINT TARGET

Assume a linear Frequency-Modulated (FM) signal
transmitted by the radar:
t
Sex(t) = rect {?} cos{2nf,t + wK,t?} (A1)

where f, is the carrier frequency, K, is the linear FM rate, T, is
the signal duration, and ¢ is the range time, whose origin is
defined at the antenna phase center. The signal spectrum can
be approximated via the Principle of Stationary Phase (POSP)
[39]:

Sex(f) = Fls ()}

1 t
=F {— rect {—} exp{j2nf.t + juK,t?}
2N T

1 t
+5rect {—} exp{—j2nf.t —jﬂKrtz}}

T,
Loy [ AR (A.2)
NEFECt{U(TITT} xp{]n' K. }
1 —Jc —Jc 2
+Erect{{Kr|£}exp{—jn7(f Krf) }
= StxnU) + Stx,p(f)

where f is the range frequency. Here, the constant term
introduced by the POSP has been omitted for simplicity.
Accordingly, its spectral range comprises a negative frequency
component and a positive frequency component that are
symmetric about zero:

o |1<TZ|TT'_fC+ U[fc_ |1<r2|Tr'fc+ |Kr2|Tr

Propagation of the signal involves a number of physical
processes. The result of each process can be viewed as the
response of the respective system to the signal. As such, the
signal can be considered as passing through the target
backscattering system, the geometric system, the tropospheric
system, and the ionospheric system, each of which can be
reasonably approximated as a Linear Time-Invariant (LTI)

K, IT, s
. ] (A3)
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system during the short period of signal propagation.
Therefore, the spectrum of the received signal s, (t) can be
represented as

erU) = Stx(f) ' Hbs(f) : ngom(f) ' Htroan) ' Hiono(f) (A4)
where Hbs (f) B ngom(f) » Htropo(f) » and Hiono(f) are the
transfer functions of these systems, respectively.

Quadrature demodulation shifts the positive frequency
component of the spectrum to baseband by multiplying the
received signal by a linear phase term and discarding the
negative frequency component via lowpass filtering, which
can be mathematically expressed as

sdemod(t) = LpF{er(t) cos Zﬂfct} +j
- LPF{—s(t) sin 27 f,t}
= LPF{s(t) - (cos 2mf,t — j sin 21 f,t)}
= LPF{s(t) - exp{—27f,t}}
where LPF denotes the lowpass filtering operator. The
resulting signal spectrum is given by
Sdemod(f) = Stx,p(f + fc) : HbsU + fc) : ngom(f + fc)
' Htropo(f + fc) ' Hiono(f + fc)

(A.5)

(A.6)

where

1 2
Sap(f 1) = Erect{“(f'T }exp {—jﬂ{(—} (A7)

Subsequent matched filtering further removes the linear FM
component of the signal, yielding the focused signal:

Sfocus(f) = %reCt{ﬁ} : Hbs(f + fc) : ngomoc + fc)

: Htropo(f + fc) ' Hiono(f + fc)

In summary, quadrature demodulation and matched filtering
jointly eliminate all time-varying characteristics of the signal
phase or, essentially, perform a deconvolution process, leaving
only a phasor representation of the signal component arising
from the physical processes in propagation. This signal
component includes transfer functions Hy(f +f.) ,
ngom(f + fc) s Htropo (f + fc) s and Hiono(f + fc) . The
rectangular function, which corresponds to a sinc function in
the time domain, defines the baseband spectral range. The +f,
term in each spectral component arises from downconverting
the spectrum to baseband during quadrature demodulation.
From the perspective of the target, its reflectivity Hys(f + f;)
passes through the SAR system characterized by its range
bandwidth, the geometric system Hgeom(f + /) , the
tropospheric  system Hyopo(f + f;) , and the ionospheric

(A.8)

system H;,no (f + f.), ultimately becoming the obtained signal

Sfocus (f)

APPENDIX B

EVALUATION OF THE RESIDUAL ERRORS FOLLOWING
IONOSPHERIC PHASE APPROXIMATIONS

Here, we evaluate the errors arising from the
approximations in (9). In the first approximation, the higher-
order (cubic and quartic) terms of 1/f are neglected.
According to [40], using typical values for the Earth’s
magnetic flux density and other parameters, the ratio of the
neglected terms to the retained term can be approximated as

2.8 x 10° 7.2 %107 + 2.1 x 10°
n= 7 +1+ 3 <1

5.6 X 10° + 2.3 X 103>]
+
f
The resulting ratio r; is substantially smaller than unity. For
example, considering the carrier frequency of the ALOS-2
UBS mode, f = 1.258 GHz, we obtain |r;| < 0.000236 ,
which is negligible.

The second approximation stems from a Taylor series
expansion, which can be formulated as a geometric series with
a common ratio ¢ = —(f — f.)/f.. Therefore, the relative
contribution of the neglected third- and higher-order terms is
given by

(B.1)

B

fc3 -8 fr:3
where B is the signal bandwidth. This contribution is likewise
well below unity. For example, for the ALOS-2 UBS mode
with a bandwidth of B =79.4 MHz , |r,| < 0.000033 .
Reference [41] indicates that for wideband SAR satellites
operating in the VHF/UHF bands, the cubic term must be
considered. For commonly used frequency bands (P, L, C,
etc.), however, retaining up to the quadratic term is generally
sufficient.

At L-band, the ionospheric phase typically ranges from tens
to hundreds of radians. Given the small magnitude of |r;| and
|r,| , the absolute error introduced by these two
approximations generally does not exceed 0.1 rad.
Consequently, the errors are negligible in both absolute and
relative terms. Moreover, we observe that |r;| is nearly an
order of magnitude larger than |r,|. Therefore, once the first
approximation is accepted, as is common practice, retaining
higher-order terms in the Taylor series expansion offers no
practical benefit, and the expansion only needs to be carried
out up to the second-order term. This conclusion applies to all
the satellites and imaging modes listed in Table B.I.

r =g’ = (B.2)

TABLE B.I
PARAMETERS OF REPRESENTATIVE SATELLITES AND IMAGING MODES.
Satellite ~ Frequency Band Imaging Mode Center Frequency [GHz] Bandwidth [MHz]
BIOMASS P Stripmap 0.435 6
Stripmap (UBS) 1.258 79.4
Stripmap (HBQ) 1.236 38.0
ALOS-2 L Stripmap (FBD) 1.236 24.9
ScanSAR (WBD) 1.236 11.9
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Satellite ~ Frequency Band Imaging Mode Center Frequency [GHz] Bandwidth [MHz]
Stripmap (UWD) 1.258 82.0
ALOS-4 L Stripmap (HBQ) 1.237 40.0
Stripmap (FWD) 1.237 27.0
LuTan-1 L Stripmap 1.260 80.0
SweepSAR (20+5) 1.229 (1.294) 20.0 (5.0)
L SweepSAR (40+5) 1.239 (1.294) 40.0 (5.0)
NISAR SweepSAR 1.258 77.0
SweepSAR 32 75
. TOPS
Sentinel-1 C (W I/IW2/IW3) 5.405 56.5/48.3/42.8

APPENDIX C

INVERSE FOURIER TRANSFORM OF THE QUADRATIC PHASE
TERM

Here, we focus solely on the rectangular function
representing the frequency range and the quadratic phase term
in (10) and derive the corresponding time-domain result via
the inverse Fourier transform:

sean® = [ _rect{i T expiimur ) expiyznse of
g (C.1n
= [ expUmf ) expliznfe) df

2
Because u, is extremely small, the time-bandwidth product of

the signal is also small; consequently, the Principle Of
Stationary Phase (POSP) is not applicable. Although an
analytical solution for this integral can be derived using
Fresnel integrals, the result lacks intuitive clarity. Instead, we
approximate the integral by expanding exp{jmu,f?} to the
first order in a Taylor series about f = 0, yielding

B
z
sqae® ~ [ L+ o f) expljzrfe) af
i B (C2)
= [ ewtznfyaf +jmu; [, £ expliznfe) df
~z ~z
Consequently, sq4.(t) is decomposed into two components.
The first component, which is independent of the ionosphere,

is the inverse Fourier transform of the rectangular function:
B

2
Sth,1(f) = fBexp{jZHft} df =

2
The second component is caused by the ionosphere-induced

quadratic phase and is mathematically related to the second
derivative of the first component:

sinmBt
Tt

= B sinc{Bt} (C3)

2
sqaa© = jm |, £ expliznfe) df
2

_ M2 @*Sqaa (©) (C4)
4m  dt?
jup (mB?sinnBt 2B cosmBt 2sinmBt
_—— + -
4m t t? mt3

Therefore, 5qq¢(t) can be expressed as

Sqat(®) = Sqar1(8) + Sqar2(t)

__ sinmBt +ju2 nB? sinnBt N 2B cos Bt
Toomt A t t2 (C5)
2sinmBt
mwt3
Its phase is given by
mu,B? 2 cos(nBt) 2
arg{sth(t)} - arctan{ 4 [ nBt sin(mBt) mw2B2t2
g (C.6)
H2
= arctan{ [1+ 2g(rrBt)]}
where g(x) is defined as
1 1 1
( )_xcosx—sinx_—§x3+%x5—mx7+ o
G = sine 1 €7

x3 —Zx5 +%x7 —
For the approximation in (C.2) to remain valid, the condition
|y, 2| «< 1 should hold throughout the integration range.
Using the parameters from the ALOS-2 UBS mode (f, =
1.258 GHz and B = 79.4 MHz) in Table B.I and assuming
TEC = 60 TECU, we obtain
= TEC = 0.81

2
|mp,f?] < |mu, (E)
2 cf?

Although |mu, f?| approaches 1 at the integration boundaries,
Fig. C.1 shows that, within a resolution cell around the peak
position, (C.6) still provides an accurate approximation of the
phase of 544¢(¢) in (C.1). Given that the bandwidth at L-band
is typically less than 80 MHz, the approximation in (C.2) is
sufficiently accurate.

Following the convention in (6), we decompose the phase in
(C.6), termed the Secondary Ionospheric Phase (SIP), into a
Constant Secondary Ionospheric Phase (CSIP), ¢cgip, and a
time-Varying Secondary Ionospheric Phase (VSIP), @ygp -
The CSIP is defined at the peak position ¢ = 0, which is equal
to one-third of the Quadratic Phase Error (QPE) [39].
Accordingly, the time for the VSIP is measured relative to the
peak position. For |x| <1, g(x) = —1/3. Since Bt = x/m,
the VSIP is approximately zero within a region of 1/m
resolution cell centered around the peak position; this region is
termed the phase-stable region. Depending on accuracy
requirements, the radius of the phase-stable region can be
extended up to 1/3 or even 1/2 resolution cell.

_ T[KzBZ

(C.8)
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Fig. C.1. Inverse Fourier transform of a quadratic phase term.

APPENDIX D
UNDERLYING MECHANISM OF THE SSP

Assume that the transfer function of an LTI system is
H(f) = |H(f)| exp{j¢p(f)} . When a narrowband signal
passes through this system [42], the phase delay in units of
time is given by

_

,(f) = ot D.1)
and the group delay in units of time is given by
__1do(H)
,(f) = T df (D.2)

For SAR signals, the range bandwidth B is typically much
smaller than the carrier frequency f,; therefore, the signal can
be considered narrowband. When considering the influence of
the ionosphere on SAR signals, according to (10), ¢(f) =
Uo — 21ty (f — f.) + mu,(f — £.)?. In this case, the phase
delay in radians is given by 27f; - 7,(f.) = —o, and the
group delay in units of time is 7,(f.) = p;. These results are
consistent with the phase advance and position delay derived
in Section II-B.

When range spectral loss occurs as illustrated in Fig. 1, the
variation in phase delay due to the shift in center frequency is
given by

A¢p = Zﬂ(fc +Af) : Tp(fc + Af) —2nf, - Tp(fc)
=—o(f +AN) +o(f)
According to the Lagrange mean-value theorem, there exists a
frequency ¢ satisfying f, < & < f. + Af, such that
f=¢

On the other hand, a center-frequency shift from 0 to Af
corresponds to a linear phase 2mAft in the time domain.
When this linear phase exactly cancels the aforementioned
change in phase delay, i.e., —A¢, + 2mAft = 0, we obtain

1 do(f)
=T df e =174(8)
In other words, following the occurrence of range spectral
loss, there exists a specific temporal position in the time-
domain point target response where the phase is identical to

(D.3)

D4

(D.5)

that of the original point target response. This implies that
range spectral loss has no effect on the phase at this particular
position, i.e., there exists a phase-invariant point. Therefore,
the total effect of the center-frequency shift on the phase, i.e.,
the spectral-shifting phase, is 2rAfAt, where At denotes the
time offset relative to the phase-invariant point 7, .

For a non-dispersive system, the group delay 7,(f) is
independent of frequency, so 7,(f.) = 74() = 74(f; + Af).
Hence, the peak position remains unchanged following range
spectral loss, and the phase at that position is also unchanged.
For a dispersive system such as the ionosphere, 7,(f) depends
on frequency. Consequently, the peak position shifts after
range spectral loss. If we adopt the approximated transfer
function in (10), we have & = f, + Af /2. In this case, the
position corresponding to 7,(§) can be approximated as the
midpoint of the peak positions before and after range spectral
loss, which explains why the SSP terms contained in the PPV
and OPV are approximately equal in magnitude but opposite
in sign.

It should be noted that this discussion assumes that the phase
of the point target response of the full spectrum is constant,
i.e., the time-varying phase is zero. According to Section II, a
non-dispersive system meets this requirement. For a dispersive
system such as the ionosphere, a phase-stable region exists
near the peak position, and within this region, the requirement
is also satisfied.

APPENDIX E
SSP FOR ARBITRARY RANGE SPECTRAL LOSS

The general case of multiple, arbitrarily located lost spectral
segments, as shown in Fig. 2, can be approached via
coherently summing the individual point target responses from
each segment of the remaining spectrum. As discussed in
Section II-C and Appendix C, each segment yields a signal
with a slightly shifted peak position and a slightly altered peak
phase relative to the full-spectrum response. Within the phase-
stable region around each peak position, the phase associated
with each segment varies approximately linearly due to the
SSP. In the absence of the ionosphere, the amplitude
associated with each segment exhibits a sinc-shaped pattern,
with its peak amplitude depending on the bandwidth of the
segment, according to (C.3).

For the superposed response, although it’s challenging to
derive a closed-form analytical expression for the resulting
peak position, t,, we focus on the local region around the
resulting peak position. Within this region, we denote the
contribution from the i-th segment as s;(t), and make the
following simplifying assumptions:

(1) All s;(t) have the same phase @, at the resulting peak
position, and

(2) The amplitude of each s;(t) remains constant within this
region.

Each s;(t) also contains a linear phase term, corresponding to
the SSP discussed in Appendix D. Then, s;(t) can be
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expressed as
si(6) = B; exp{jpo} exp{j2mAf;(t — to)} (E.1)
where B; and Af; are the bandwidth and center frequency of
the i-th spectral segment, respectively, and n is the total
number of remaining spectral segments.
The superposed signal is given by

S0(0) = Zs(t)—expwo}ZB exp(2nbfit o)} (E2)

i=1
The simulation results in Sectlon V-A show that the phase

variation of sy(t) near t, is approximately linear. The
instantaneous frequency of s,(t) at t = t; is given by
fns ) = 3 )
1 {sé(t)}
21 So(t) et ;
O { " j2nBiAf; exp{]'Zn'Afl-(t—to)}} (E-3)
o ™1 By exp{j2nAf;(t — ty)} =ty
_ Lt Bidfi
- XLB

This result can be interpreted as the equivalent center
frequency corresponding to the SSP of the superposed signal
after spectral loss.

Alternatively, s,(t) can be viewed as the full-spectrum
result minus the contributions from the lost spectral segments
due to, e.g., the RFL. Under the above assumptions, s,(t) can
be expressed as

Z Brey, eXP{]ZTfAfRFI (t- to)}

where B is the bandw1dth of the full spectrum, Bggy; and
Afrpy,; are the bandwidth and center frequency of the i-th RFI,
respectively, and m is the total number of RFIs. Following a
similar derivation, (E.3) can be rewritten as
221 Brer Afre,

instlto) = — @ —<5m 5

f St( 0) B — Zi:1 BRF]i

So(t) = exp{jpo} - (E4)

(E.5)

APPENDIX F
INTERFEROGRAM OF DISTRIBUTED TARGET

Here, our analysis is restricted to the range direction. For a
distributed target with a reflectivity density function denoted
by v(u), we assume that it can be modeled as a stationary and
white process. Its autocorrelation function is then given by

E[v(u)v*(up)] = 0%8(u; —uy) (F.1)
where 6(+) is the Dirac delta function, and a2 is the signal
variance, which also represents the average reflectivity power,
or Radar Cross Section (RCS) [43], per unit time. The Fourier
transform of v(u) is

T
Vr(f) = fZT v(u) exp{—j2nfu}du (F.2)

2
where T is the size of the distributed target and should be

larger than the range resolution cell size. The autocorrelation
function of V;-(f) is then given by

E[Vr(fOVr(f2)]
T

=E [J-ZTU(M) exp{—j2mfiu, } duy
2

2

T T
—E [ f f ng(ul)v*(uz)

- exp{—j2nfiu, } exp{j2nfru,} duy duz‘

T
'fZTU*(uz) exp{j2mfu,} duz‘

(F.3)
T T
2 (2
= [ B @)
272
S - exp{—j2nfiu, } exp{j2nfru,} du,y du,
= J-_ZZJ-_ZZUZ(;(% —Uy)
2
i - exp{—j2nfiu, } exp{j2nfru,} du, du,
T
= o? J’_ZI exp{—j2nfiu,} exp{j2nfru,} du,
=o’T s?nc[(fz - f)T]
IfT - +o0
EVIV ()] = Tl_i)flloo E[Vr(fD)Vr (£2)]
= lim o sinc[r(f, — f,)T] (F4)

a%5(f; — f1)
Equation (F.4) shows that the reflectivity spectrum of the
distributed target at different frequencies is uncorrelated.

For a finite target size T, the 3-dB width of the sinc function
in (F.3) is 0.886/T . Therefore, the correlation can be
reasonably considered negligible when the frequency
separation |f, — f;| exceeds 0.886/T . As an example,
consider a distributed target consisting of N range pixels. Let
fsample denote the range sampling rate. Then T = N/ fsample.
After transforming the signal to the frequency domain via a
Discrete Fourier Transform (DFT), the frequency sampling
interval is foampie/N = 1/T, which is greater than 0.886/T.
Therefore, the different frequency bins can be considered
uncorrelated. In fact, the separation between different
frequency bins is exactly an integer multiple of foampie/N,
which falls precisely at the zeros of the sinc function in (F.3),
implying that different frequency bins are completely
uncorrelated.

The aforementioned theoretical results can be further
validated experimentally using real SAR data. To this end, we
use an ALOS-1 FBD mode image acquired over the Amazon
rainforest. The entire area can be approximately regarded as a
single distributed target. The number of range pixels is 4640,
which can also be considered as the size of the distributed
target. The range sampling rate fs,mpie is 16 MHz. Following
zero-padding to a length of 10N and a subsequent DFT in the
range direction, the frequency spacing between adjacent
samples is reduced to 8f = foample/10N = 345 Hz, which
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enables the examination of correlations between different
spectral components at a finer granularity. The result is shown
in Fig. F.1. The resulting autocorrelation function closely
follows the sinc function given in (F.3). Furthermore, it is
essentially zero at integer multiples of foampie/N.

1.0
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Frequency Separation [kHz]
Fig. F.1. Normalized autocorrelation function of the range
spectrum of an ALOS-1 FBD mode image acquired over the
Amazon rainforest.

To simplify the derivation of the expectation of the
interferogram, we first ignore the distinction between the
slant-range and ground-range directions. Furthermore, we
assume that the tropospheric and ionospheric effects remain
constant within the distributed target. Under these
assumptions, we can use the simplified forms of (39) and (44):

4=fwmmm#
Or (F.5)

z = f Ve (F)Hs () df
Dg

where D is the frequency integration interval, and H(f) =
exp{jmu, 2} is the quadratic frequency term induced by the
ionosphere. Unlike V. (f), which is a stochastic process, H(f)
is a deterministic function. The expectation of the
interferogram is then given by

ﬂam=EUWMﬂwUMfIWﬂ%UM4

D, Dy
=LLﬂwmmmmmmmmwwﬁ
=J~f<ﬂTﬁndUé—ﬂ)D-HAﬁﬂﬁUDdﬁdﬁ

b, /D,
z
= f f o? f r exp{j2rfiu} exp{—j2nf,u} du
oo, )L
., -H.(f)H; (f)df df;
- [3|[, o ewtzznpuar
2 T

(F.6)

-Mm@wwﬂWM4m

T
- f by GOk (wdu
2

where h(u) is the inverse Fourier transform of H(f) over the
frequency band D . When no spectral loss occures, D =
[-B/2,B/2], and h(u) is given by (C.1). It is a sinc function
as given in (C.3), but is slightly broadened by the quadratic
frequency term. For an ideal sinc function, the main lobe
contains approximately 90% of the total energy. Therefore, the
result in (F.6) is approximately the same for finite and infinite
T.

Thus, despite the finite extent of the distributed target, the
integration limits can be treated as infinite in the derivations.
As T — oo, (F.6) reduces to a simplified form:

Emm=EMvmmmmvawmmmw4
=JAJ~EWUDVWEHHAﬁVﬁUDdﬁdﬁ

D JD,

Ds /Dy

=g? fD H.(f)H; (f2) - 1p, (f)df,

8(f2 = fOH(fOH; (f)df, df; E.7)

= [ H(H(
D;NDy

where 1, (f2) is the indicator function of D,., which equals 1
if f, € D, and 0 otherwise. The result indicates that different
spectral components are uncorrelated. Therefore, non-
overlapping spectral components do not contribute to the
expectation of the interferogram.

When wavenumber shift [1] is taken into account, (F.5)
should be reformulated as

L=LWMU+DWMWf
" (F.8)
%=Lﬂh0+mﬁuﬂ#

where k is the frequency conversion coefficient between the
slant-range and ground-range directions, as defined in (38).
Combined (41) and (45) with (F.8), the expectation of the
interferogram is given by

Elz2]] =fD LE[V(kr(fl + )V (ks (> + £)]
-H-(fOH; (f2)dfy df;
=0t [ [ 8~ - 8P FOH ),

D, JD,

(F.9)
=ﬁme—mmmm4MhﬂMWﬁ

=ﬁf H,(f — ADH:(f + Af)df
(Dr+Af)n(Ds_Af)

where Af is defined in (46). The result has essentially the
same form as (F.7), implying that only the complex conjugate
product of the slant-range frequency components that
correspond to the same ground-range frequency contributes to
the expectation of the interferogram.

APPENDIX G
GENERALIZED DERIVATION OF INTERFEROMETRIC PHASE

To calculate the interferometric phase, we retain only the
overlapping spectral components in (39) and (44) and express



32

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING

them as
Pr(tr) = exp{_jzn-fc(tgeom,r + ttropo,r)}

Sfmax—Af
: f V(kr(fl + f(:))Hiono,'r(fl
fmin—Af
+fo) exp{j2nfit, }df
ps(ts) = exp{_jzn'fc(tgeom,s + ttropo,s)}

fmax+Af
. f V(ks(fz + fc))Hiono,sU‘Z

fmintAf
+ fo) exp{j2nf,t} df;
where t, and ¢, are the times of the reference and secondary
signals, respectively, and 7, = ¢, — tgeomr — tiropor » Ts =

(G.1)

ts — tgeom,s — tiropo,s- HETE, fmin denotes the average of the
lower bounds of the effective frequency ranges for the
reference and secondary signals, while f,,,, denotes the
average of their upper bounds. Taking wavenumber shift into
account, frin = —B/2 + |Af| and f,,.x = B/2 — |Af].

Using the result in (F.9) and introducing a frequency
variable f defined by f = f, — Af = f; + Af, we obtain

E[P'r(tr) : Ps*(ts)] =g? exp{_jznfc(Atgeom + Attropo)}

fmax
: f Hiono,r [f + (fc - Af)]I-Ii*ono,s [f

fmin

+ (fe + AP T exp{j2n[(f — Af)T,
- (F+ )1 df
We first examine the component associated with the
reference signal in the integrand of (G.2):
Hiono,r [f + U;' - Af)] eXpUZT[(f - Af)Tr}
{, [4111(2 -TEC, 4nK,-TEC,
=ex -
\ ‘;{f e =8F) " (o= B
Ky - T 2 ]}
+—2— T F2 4 on(f — Af)1,
The phase term in the exponent can be decomposed into
constant, linear, and quadratic components with respect to
frequency, denoted by A,, 4,, and A,, respectively, and given
by

(G.2)

(G.3)

47K, - TEC,
Ao(TEC,, —Af,7,) = =) 2mAft,

[

47K, - TEC,
A, (TEC,, —Af,7,) = At 2nt, (G4
(o
47K, - TEC,

A, (TECrv —Af, Tr) = W

c

A similar decomposition can be performed for the component
associated with the secondary signal.

Defining C; = A;(TEC,, —Af,t,) — A;(TEC,, Af, t,) for i =
0,1, 2, the integrand in (G.2) can be expressed as exp{jC, +
JC.f +jC,f?}. Given that C;f and C,f? are small quantities,
the integral can be approximated as follows:

fmax
f expliCo + JC.f +jCof 2} df

fmin

= exp{jCo}

fmax

exp{jC,f +jCof?} df
fmin

fmax

[1+(C.f + Cofdf (G-3)

~ exp{jCo}

S min

= exp{jc()} ' {fmax - fmin

[ e = ) + 2 e = fi)

Consequently, the interferometric ionospheric phase is given
by

Aqoiono
% (frrzlax - frﬁin) + % (fn?{ax - f1131in)

fmax - f min
Cy (PP 5

~ CO + 7 Umin + fmax) + ? (fmin + fminfmax + fmax)
It follows from (G.6) that, when the integration interval is
symmetric, i.€., fyin + fmax = 0, the contribution of the linear
term C;f in the integrand of (G.5) to the interferometric
ionospheric phase is approximately zero.

If the reference and secondary signals are coregistered at the
target positions of the full spectra, i.e., T, = 2K, TEC, /cf?
and 7, = 2K, TEC,/cf;2, the result in (48) is obtained. If the
reference and secondary signals are coregistered at the target
positions of the overlapping spectra, i.e., 7, = 2K,TEC,./
c(f, = Af)? and 1, = 2K, TEC;/c(f. + Af)?, the result in
(49) is obtained.

For the first scenario in Section IV-A, the lower limit of the
integration interval, f,,;,, should be replaced with fy,, — f. —
Bsun/2 + |Af|, and the upper limit, f;,,4, should be replaced
with fiup — fz + Bsub/2 — |Af]. For the second scenario, the
center frequency f, should be replaced with f;,;,; the lower
limit, fin, should be replaced with —Bg,,/2 + |Af|; and the
upper limit, f,.,, should be replaced with Bg,,/2 — |Af].
These substitutions yield the results in (53) and (54).

When coregistration misalignments are incorporated, i.e.,
T, = 2K,TEC, /cf? + At, and T, = 2K,TEC;/cf? + Aty ,
only the coefficients C, and C; are modified, whereas C,
remains unchanged. Then the interferometric ionospheric
phase becomes

Agoi,ono = A(pionn - ZTEAf(ATr + ATS)
+ T[(fmin + fmax) (ATT - ATS)

Coregistration misalignment gives rise to two phase terms.
The first term is associated with the interferometric effective
center frequency and can be further decomposed into the
contributions of absolute and relative misalignments, as
discussed in Section III-D. The second term is associated with
the actual center frequency; it is independent of absolute
misalignment and depends solely on relative misalignment. In
general, fiin + fmax = 0; this term needs to be accounted for
only when sub-band filtering is performed without shifting the
center frequency, as described in Section IV-E.

= (C, + arctan (G.6)

(G.7)

APPENDIX H
IMPACTS OF THE PVP ON INSAR TIME SERIES

Here, we derive the impact of the PVP on the InSAR time
series estimated by least squares when using the range split-
spectrum method to estimate the InNSAR ionospheric phase.
Assume that there are n SAR images, with the first image
serving as the reference image, and all remaining images
coregistered to it. In fact, the choice of the reference image
does not affect the subsequent derivation. Furthermore,
assume that the network is fully connected. We focus on a
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specific pixel within the image stack. Let B, ; (1 <i < n)
denote the perpendicular baseline of the i-th image relative to
the reference image. Following (46) and (60), the PVP
contribution in the ionospheric phase estimated from images i
and is given by
4K, (TEC; + TEC;
=T TG,
2nK,(TEC; + TEC;)(BL; — B. ;)
= cf?Rtan(f — a)
where Af;; represents half of the spectral shift, 6 is the look
angle of the pixel in the reference image, R is the
corresponding slant range, and « is the terrain slope.
For a fully connected network, a system of linear equations
can be established as follows:

(H.1)

X; — X; (H.2)

7 2m
where x, (1 < k < n) is the displacement error of the A-th
image, and 4 is the wavelength. The system can be written in
matrix form as AX =Y, where A is the design matrix. To
estimate X , we impose the constraint };_;x;, = 0. For
simplicity, we consider an unweighted least-squares
estimation, leading to

A
X =3 — ;(I)kj_quik
J

i<k
H3
= % (nTECkB_x + By, X.TEC, — TEC,X.B,; — ¥TEC,B, ;) (H.3)
T S XTEGB,,
= y(TECkBJ_'k + TEC - BJ_,k - BJ_ . TECk - f)
where the overbar denotes the temporal average, and
Y (H.4)

" 2cf2Rtan(6 — a)

We first examine the impact of temporal variations in the
perpendicular baseline by assuming a constant TEC over time.
Then x; = 2yTEC(B,; — B,). If the perpendicular baselines
exhibit temporal correlation, the PVP allocated to individual
SAR images through least-squares adjustment will likewise
exhibit temporal correlation, thereby introducing a bias of
2yTEC - vg | into the estimated displacement velocity, where
vp, is the temporal variation rate of the perpendicular
baseline.

In fact, the TEC exhibits temporal variations associated with
the solar cycle. The temporal trends of the TEC and the
perpendicular baseline are coupled in (H.3). Assuming that the
n images are acquired consecutively with a revisit period of M
days, a linear fit to the displacement errors {x,} yields the
estimated velocity error:

Y - -
My (Zek TEC,B, i + TECY B, — B Y.c, TEC,)  (H.5)
k

where ¢, =k — (n+1)/2.

For further simplification, we assume that both the TEC and
the perpendicular baseline vary linearly with time, with
respective variation rates vrgc and vg , i.e., TECy = TEC +
Mvrgccy, By g = By + Mvg, ¢, The resulting velocity error

v =

is ¥ = 2yTEC - vg , which depends solely on the temporal
trend of the perpendicular baseline and is independent of the

temporal trend of the TEC.

In practice, the temporal variations of the TEC and the
perpendicular baseline may be more complex. Moreover, the
least-squares estimation may be performed over a partially
connected network with a weighting matrix. Nevertheless, the
results in this appendix provide useful insights into the
impacts of the PVP on the InSAR time series.
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