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Abstract—With the launch of a fleet of L-band missions,
we have entered the era of L-band spaceborne synthetic aper-
ture radar (SAR). The ionosphere is a significant issue for
long-wavelength spaceborne SAR systems. In this work, we
systematically investigate the impacts of along-track ionospheric
variations within the synthetic aperture. We expand the iono-
spheric total electron content (TEC) using a Taylor series about
the Doppler centroid time and analyze the effects of each
component on the focusing of a point target. We find that
the odd-order ionospheric phase components mainly induce a
shift in the peak position, whereas the even-order ionospheric
phase components mainly induce a phase error, in addition to
the well-recognized defocusing effect. Together with the linear
phase induced by the Doppler centroid frequency, these effects
can lead to significant SAR interferometry (InSAR) and closure
phase errors depending on the ionospheric activity level. It is
demonstrated that precise azimuth coregistration can effectively
mitigate the closure phase errors.

Index Terms—Azimuth misregistration, closure phase, InSAR,
ionosphere.

I. INTRODUCTION

HE last decade has seen a rapid expansion of L-band
spaceborne synthetic aperture radar (SAR) missions,
including ALOS-2 [1], SAOCOM-1A/B, LuTan-1A/B [2],
ALOS-4 [3], and NISAR [4]. This fleet of L-band missions
is poised to grow further, with upcoming missions such as
ROSE-L under active development. For SAR interferometry
(InSAR), L-band substantially improves coherence, a persis-
tent bottleneck for X- and C-band systems, thereby benefiting
a variety of applications. The enhanced coherence is par-
ticularly vital for the analysis of closure phase, a recently
identified observable [5] that has the potential to retrieve
physical parameters, such as soil moisture [6], [7], [8], and
that plays a key role in mitigating systematic errors in InNSAR
time series [9].
A most significant challenge for L-band spaceborne SAR
missions is their high susceptibility to ionospheric distur-
bances. A brief summary of the resulting ionospheric effects
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on SAR imaging is provided in [10]. In the azimuth direction,
radar signals within the synthetic aperture traverse spatially
varying regions of the ionosphere, leading to complex iono-
spheric effects. The ionosphere within the synthetic aperture
can be decomposed into various phase components, among
which the most prominent constant component [11] can be
well estimated using the range split-spectrum method [11],
[12], [13].

Regarding the higher order ionospheric phase components
within the synthetic aperture, pixel shifts induced by the linear
ionospheric phase component have long been observed in
cross correlation offsets and multiple aperture InSAR (MAI)
interferograms [14], [15], [16], [17], [18], [19]. They have
been mitigated to improve the retrieval of azimuth motions
[10], [16], [20], [21], [22], albeit with large uncertainties.
The quadratic and higher order ionospheric phase components,
however, remain poorly characterized in the existing literature.
To date, their effects have predominantly been described in
qualitative terms such as defocusing or spatial resolution
degradation [14], [23], [24], [25]. This lack of quantification
has hindered the assessment of the resulting InSAR phase
erTors.

In this work, we aim to comprehensively and systematically
characterize the effects of along-track ionospheric variations
within the synthetic aperture. We begin with a Taylor series
expansion of the ionospheric total electron content (TEC)
about the Doppler centroid time and then formulate the effects
of each ionospheric phase component on point target imaging
in Section II. Building on these effects, we derive the resulting
InSAR phase errors for both point and distributed targets in
Section III. Notably, we find that these effects also induce
closure phase errors. Subsequently, we validate our findings
through numerical simulations in Section IV and real-data
experiments in Section V. Finally, Section VI summarizes our
conclusions.

II. EFFECTS ON POINT TARGET IMAGING
A. Background

Since the associated range—azimuth coupling effects are
generally negligible, as demonstrated in Appendix A, we
will focus our analysis exclusively on the azimuth direction.
Under the assumption of a small squint angle and a limited
synthetic aperture, the azimuth signal from a point target can
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be approximated as a linear frequency-modulated (FM) signal

[26]
2V,
n
AR,

where Aj is the complex reflectivity of the target, n is the
azimuth time referenced to zero Doppler time 79, 7. is the
beam center crossing time or the Doppler centroid time, V,
is the effective radar velocity, A is the radar wavelength, and
Ry is the range of closest approach. w,(-) denotes the azimuth
envelope due to the two-way antenna pattern and is given by

0.886V, (17 — 1)
05Ro

where V, is the radar beam velocity on the ground, and 6 is
the 3-dB beamwidth of the antenna in azimuth. The azimuth
FM rate, denoted by K,, is

2
K, =22
ARy

Virtually all existing satellite SAR systems satisfy the
assumptions of a small squint angle and a limited synthetic
aperture adopted in this study, at least within the context of our
analysis. By expressing the azimuth signal as in (1), we have
defined the origin of the azimuth time as the zero Doppler
time, 19, which is assumed throughout this article. For the
numerical analysis in the remainder of this article, we will
use the parameters of an L-band satellite SAR system, where
K, is 600 Hz/s, the azimuth bandwidth is 2000 Hz, and the
pulse repetition frequency (PRF) is 2400 Hz. The Doppler
centroid frequency varies within 100 Hz.

The azimuth signal can be focused by a matched filter
derived in either the time domain or the frequency domain.
As demonstrated in Appendix B, the two matched filters lead
to the same output. The peak position of the focused target is
located at its zero Doppler time 7y. For simplicity, the matched
filter derived in the frequency domain will be employed in the
subsequent analysis.

When the radar signal traverses the ionosphere, its phase is
advanced by [23]

Saz (1) = Agwa (17 = 11¢) €xp {—jﬂ )

Wa (17— 1) ~ sinc® { 2)

3)

fron = KTEC ) 4
cfo
where TEC(n) represents the TEC integrated along the signal
path, K = 40.31 m?/s?, ¢ is the speed of light in vacuum, and
fo is the radar carrier frequency. Then the azimuth SAR signal
becomes
2

2V
az =A a —Tlc —-J -
Saz () = Agw, (17 n)eXp% R

nz} exp Ljgion} - (5)

Within the synthetic aperture, TEC(n7) can be expanded in
a Taylor series about 7,

OTEC
TEC () = TEC (1.) + e n-ne)
M ly=n.
1 8*TEC
E T (n- 770)2
n n=nc
1 3*TEC
6 T (n- 77c)3
T ly=n

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 64, 2026

1 0*TEC

_ —_ . 4 “ee

A o |, (m=n)" +

1 0"TEC

— m-n'+---. (6
n! 6”” n=1ec

Substituting (6) into (4) expands the ionospheric phase term
into components of different orders. We first denote the
coeflicients of the constant, linear, quadratic, cubic, and quartic
ionospheric phase components as @ion, fion> Kions ions aNd Eions
respectively, such that

4drK
Pion = ——TEC (770)
cfo
2K 0TEC
fion = ———
cfo o |y,
2K azTEC‘ .
0on Cfi) 67]2 nzn( ( )
s - 2K H*TEC
ion — 3Cf() 6773 .
K O*TEC
P
on 6Cﬁ) 67]4 _—

Accordingly, we define ¢$1)1 as the nth order ionospheric
phase. By combining (4), (6), and (7), the ionospheric phase
components up to the fourth order are

¢fgr)1 = Qion
47K dTEC
O =222 (=10 = 20 fion (0 110)
cho on |-,
4nK 1 8*TEC
) 2 2
fon — = —1Nc) = Ki n e
in = 52 o Lzm(n Ne)” = Kion (0 — 1)
47K 1 8TEC
531)1 = - 3 (n- 770)3 = n6ion (1 — 77c)3
cfo 6 o |,
47K 1 O*TEC
@ _ 2 oV e o)
n = " £724 o - (7 —ne)* = w&ion M —1)" .

)
In the context of InSAR, the difference in the constant iono-
spheric phase component in the synthetic aperture between
two acquisitions can be well estimated by the range split-
spectrum method developed in recent years [11], [12], [13].
The remaining ionospheric phase components, however, often
give rise to artifacts in the imaging results that have not been
well resolved or understood. In Sections II-B-II-D, we will
systematically analyze the effects of each ionospheric phase
component on the imaging result.

B. Effects of Linear lonospheric Phase Component

The effects of the linear ionospheric phase component were
well observed in previous works [14], [15], [16], [17], [18],
[19]. Intuitively, a linear phase shifts the vertex of the original
parabolic phase, as shown in Fig. 1, which is the zero Doppler
time of the point target and consequently shifts the target
position after focusing. The second effect is a variation in the
Doppler centroid frequency. However, this variation is very
small, typically below 1 Hz. The third effect is an additional
phase at the vertex. To comprehensively express the effects in
the focused result within a unified framework and facilitate
subsequent analysis, we will rederive them in this work.
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Fig. 1. Effects of the linear ionospheric phase component on the azimuth
SAR signal before focusing.

Considering the linear ionospheric phase component, the
azimuth SAR signal can be expressed as
sk (1) = Agwa (7 = 110) exp { = jnK .’}
X exp { /27 fion (N = 1)} - (€))
By applying the principle of stationary phase (POSP) [27], its
spectrum can be derived as
Sglz) (fn) = AoWa (fn = fo.— fion)

(fr] - fion)2

K exp %jZH—f"}ém } (10)

X exp {jﬂ

where f;, = -—K,n. is the original Doppler centroid
frequency without considering the ionospheric phase, and
Wa(fy — fa. — fion) represents the envelope of the azimuth
spectrum, which is centered at f; + fion. Here, the constant
term resulting from POSP is omitted.

The matched filter, which ignores the ionospheric phase, is
constructed by taking the complex conjugate of the quadratic
phase term in SS;( fn) (see Appendix B for details)

_ 2
Hy, (fy) = rect |:—(f" Bf""):| exp §_jﬂl%} (11)

where rect(:) is the rectangular function, and B is the azimuth
bandwidth.
The spectrum after applying this matched filter is

S ;lz?focused (f ’I)

5216228
=Su (fﬂ) “Hy (fn)
a5 - 1)
_ . 2 -
X exp %]7{ |: 2f'7f10n + If(ion + 2fncﬁon:|} . (12)

The time-domain focusing result is obtained by an inverse
Fourier transform, yielding

; fi
Sglz?focused (77) =~ A()Sll’lC {B (7] — 11(—0:

X exp {jZn (f,,c + ﬁ;n) 77}.

In the presence of the linear ionospheric phase component,
three effects can be observed as follows.

13)

1) The Doppler centroid frequency is shifted by fi,n/2, but
this shift is very small, typically below 1 Hz.

2) The peak position is shifted by

_ Jion
K,

3) A linear phase, corresponding to the shifted Doppler
centroid frequency, is induced. The resulting phase is

ZH%U = 7 fion?].

ny (14)

5)

Note that the fio, is very small, and therefore, the effects
in 1) and 3) are nearly negligible. For example, assuming
L-band parameters (K, = 600 Hz/s, B = 2000 Hz, fy =
1.26 GHz, and V, = 7124 m/s) and a linear ionospheric
phase component coefficient of fi,, = 1 Hz (corresponding
to a ATEC = 1.56 TECU within the synthetic aperture,
where 1 TECU = 1 x 10'® m™2), the peak position shift
in 2) is fion/K, X V, = 11.87 m. This is already a large
shift. The resulting phase error at the peak position solely
due to the shifted Doppler centroid frequency is nf2 /K, =
/600 rad = 0.005 rad, which is negligible. Therefore, we will
ignore the effects in 1) and 3) in the following analysis.

Note also that the zero-phase position coincides with the
zero Doppler time. The phase at the peak position is

ﬁOH ﬁOH ﬁon
2 ( fo. + > X ~ 2nfy = =211 fion-

K,
It results from expanding TEC(77) about 7., instead of ny in
(6). The phase difference due to the linear ionospheric phase
component between the two positions is equivalent to (16).
Assuming f;, = 100 Hz, the phase at the peak position is
27/6 rad = 1.05 rad.

(16)

C. Effects of Quadratic lonospheric Phase Component

The quadratic ionospheric phase component, as expressed
in (8), alters the linear FM rate of the azimuth signal. This
effect is similar to the FM rate mismatch analyzed in previous
studies [26]. However, they are not exactly equivalent. Here,
the vertex of the quadratic ionospheric phase component is at
the Doppler centroid time 7., whereas, in the case of an FM
rate mismatch, the vertex of the quadratic phase error (QPE)
is at the zero Doppler time 1. Therefore, we need to rederive
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Fig. 2. Focusing results in the presence of a quadratic ionospheric phase component. Here, K, is 600 Hz/s and B is 2000 Hz. The blue and green curves
show the amplitude and phase, respectively, and the black vertical line marks the peak position.

the effects here. Moreover, we will use the Fresnel integrals
to obtain a precise result.

With the quadratic ionospheric phase component, the
azimuth SAR signal becomes
st (1) = Aowa (7 = 11c) exp {~jnKair’}
x exp { jaKion (7= 1)’} - (17)

By applying POSP, the signal spectrum can be derived as

S (£)
~ AoWa (fy = o)
. fqz 1onf77
X exp § jr 2f, <
P Ka - Kion 7 K (Ka - Kion)
Kion 2
+ Kg fﬂc
-y
= AW (fy = fo.) exp Y
a on
. I(] nf A . Ki
X exp %—]2ﬂfn%§exp {]ﬂ' K;nf,i}. (18)

Here, the constant term resulting from POSP is omitted.
The matched filter, which does not account for iono-
spheric effects, is identical to the one defined in (11).

After applying this matched filter, the spectrum is given
by

z(li)focused (f 'I)

=53 (f) - H (£)
=AW, (fﬂ - f'h‘)

. 1 1
xexp{]ﬂfnz(—K k" )}

K,
X exp { 2nfy—— mf”c } { “;" f”(}
~ AoW, (fy — f.) exp {jﬂ [;(;nfr}
X exp {jnK;‘;“f,]Z} exp ;—j%f,,%zﬁ”}. (19)

We define a signal consisting solely of the quadratic iono-
spheric phase component as

Kion
Squadratic (fr]) =W, fqz} . (20)

(1) exp {in'es

Its corresponding time-domain signal is then obtained through
an inverse Fourier transform

Squadratic (77) = / Squadralic (fn) exp {j27l'f;777} dfﬂ
Kion
7|

- /_m Wa K2

(/) exp ; jn
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Fig. 3. Splitting of the main lobe when Kijo, exceeds a certain threshold. The threshold depends on the azimuth bandwidth. Here, K, is 600 Hz/s and f;, is
0 Hz. The blue and green curves show the amplitude and phase, respectively, and the black vertical line marks the axis of symmetry of the amplitude curve.

X exp {j27rf,,17} dfy.

With squagratic(7), the focused time-domain signal saZ mcuqed(77),
obtained by applying an inverse Fourier transform to
@ (fy) in (19), can be expressed as

az,focused

21

(2)
Saz,focused ()7)

= /; S(aifocused (j;l) €Xp {]27Tf;]77} dﬁi
b Kl()n
= / AW, (f fh)exp {Jﬂ fz}

1onf¢ Kion
X exp{ J2nf,—="  exp T —=

x exp { j2rfyn} df,,

=0 [ Wl h)ewe e (= 1)
x exp {j2nfyn} df, "

=0 [ S (Fy ) exp {2 fon}

= Ao Squadraiic (1) exp {27 f, 1} - (22)
The remaining task is to solve for Squadraic(17). We provide the
details of our solution in Appendix C. The Fresnel integrals
in (101), in Appendix C shown at the bottom of the page
27, can be accurately evaluated [28], [29]. With squadraic(),
i?fo cused 1) can be subsequently obtained.

As a result, the target is focused with a phase error arising
from Squadraiic(i7). To further examine the characteristics of
the focusing result, we vary the quadratic ionospheric phase
component coefficient Kj,,, the Doppler centroid frequency
Jo.» and the azimuth bandwidth B. The resulting sz(ii?focused(n)
for a target with unit reflectivity is shown in Figs. 2 and 3.

As expected, the phase of the target depends on Kijo,. As Kion
increases, the main lobe broadens, and the sidelobes merge
into the main lobe. When K,, exceeds a certain threshold,
which decreases with increasing azimuth bandwidth, the main
lobe splits into two distinct peaks, as illustrated in Fig. 3. In
this case, accurately characterizing the focused signal becomes
difficult; hence, we consider only the case where Kj,, does not
exceed this threshold. The peak position of the focusing result
cannot be directly derived from the expression of Squadratic(17)-
However, as illustrated in Fig. 2, the peak position remains
unaffected by the quadratic ionospheric phase component and
is still at the zero Doppler position. This observation will be
further validated by the analytical derivations in Section II-D.
In contrast, the FM rate error shifts the target peak position,
as derived in [26].

A closed-form approximation for the phase of saz focused(n)

denoted by q)(Z)focused(n) can be derived using the result in
Appendix D. By combining (107) in Appendix D and (22),

q)ézz)fo(;uqed(n) can be approximated as
(Dfé)tocused (77) = (unadratic (77) + 27Tf,]CT]
o Ki o mlen s ()]
Kion 6 gu(m)—g ()
+ 27 fpn (23)

where gL(g) - (2|K10n|/K§2)1/2( 3/2 + UKZ/Kmn) and gH(n)
QlKionl/K2)2(B/2 + nK?/Kion). At the peak position (i = 0),
it is given by

[gH 0)* - g2 (0)°]
*6 gn (0) — g, (0)

(2)
(Daz focused (77 0)
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2
T Kion B
It equals one-third of the QPE derived in [26], where QPE =
nAK,(B/2)*/K?2, and AK, is equivalent to Kj,, used here.

D. Effects of Higher Order lonospheric Phase Components
Here, we present a generic analysis of the higher order
ionospheric phase components under the assumption that their
coefficients are sufficiently small. We denote the nth order
coefficient (n > 3) as «, and its corresponding ionospheric

on’

phase component as ¢i((')'n. From (7) and (8)
m _ 1 4K 0"TEC

K. = — —
on n' Cf() ann =

Bion = Tkion (1= 1)

(25)

Considering only the nth ionospheric phase component, the
azimuth SAR signal is given by

s () = wa (n — ) exp {—jnKa*}

x exp | jm 0= no)'} (26)
By applying POSP, we can approximate the spectrum as

S (f2)
~ Wa (f” - f’](‘)
2
X exp {]ni—} exp {( " ]ﬂkf(')‘; (-

a

fu)"

K 27

Here, the constant term resulting from POSP is omitted.
After applying the matched filter, H(f;), defined in (11), the
spectrum becomes

z(llé)focused (f 'I) S (ﬁl) (f )
= Wa (fy = fa)
X exp {( 1y jm™ Uy K{m) (28)

The focused signal is then obtained via an inverse Fourier

(n)
transform of S az,focused (: ’7)

(n)
dZ focused (77)

:/MW (fy = fo) exp {( 1)"]7r/<1((')’])1(f

X exp {j27rf,,77} dfy,
~ / N rect (f" I ) exp {( " ]NKI(Z‘Z (s — fn‘)

f’]r)
K}’l

Kﬂ

X exp {j27rf,,77} dfy,
= exp {27 f,.n} [ rect (];) exp {( 1" jm™ Ij?" }

% exp {2 fyn} dfy

where the azimuth envelope is approximated by a rectangular
function, and B is the azimuth bandwidth.

Due to the intractability of a direct evaluation of the above
integral, we employ a Taylor series expansion to derive an

(29)
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approximate analytical expression under the assumption that
K" s sufficiently small. By defining € = (-1)" (")/K”, fu =

10I1 10n

B/2, fi = —B/2, the integral can be expressed as
S (1)
- / rect (fB) exp {( 1" ]an(')’r)l IJ;” } exp {j27rf,777} dfy

Ju
= /f exp {jnefy} exp {j2nfyn} df,

L

fu
~ / (1 + jﬂ'Ef,;L) exp {j27rf,777} df,
J
Ju fu
= / exp {j2nfm} df, + jme ; Iy exp {j2rfym} dfy,.
fr L

(30)
The derivation in the third line employs a first-order Taylor
expansion about f, = 0, given by

o o (jmefy)’
exp {]ﬂ'Efn} =1 —l—prefn + T +

~ 1+ jrefy. 3D

For this approximation to remain valid, the condition |ref| <
1 should be satisfied. Given that the maximum absolute value
of f, is B/2, this requirement translates into the constraint on

(n)
k(2
n \BJ ’

ion
Let s1(n7) and s2(17) be the first and second terms of s,(1)
in (30), respectively. These two terms are related through the
nth order derivative of s;(17)

L= L [" e onsinya
dr]nsl n = d’]n eXp\J ”fnﬂ fr]

fL
fu
- (j2n)" / £ exp L2nfy) df,

L

K(n)

ion

(32)

nn—1
n—1 2'n

=J

fu
[jne ; fiexp {2nfym} df,{|

nn—1
n—1

T
=] s2(1).
€

(33)

Applying a Taylor series expansion of s;(57) about = 0 yields

fu
s1(n) = /f exp {j2nfyn} df;

= Bsinc (7Bn)
_ gl @B | @B @By
- 3! 5! 7!
(mBp*
D 34
e G (34)
which subsequently leads to
€ dﬂ
s2() = I s1(m)

e d"

_ _l n—l_
b 2" dnt

(xBn)*  (nBn)*
o[-
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(an>6 ¢ (B)*
KT e (2k+1)'}}' G

If n is odd, then
(/x 9]
(=1

n-n

(n+1) (71'B)VH'_1
30 [(_ ' ity
L] @B (n+3)! 4 : }

s(n) = (n+ Dn

LR R T
71'2B”+2 71.4Bn+4

_c|_ 3.,
"o [ 2 T el T ]
Combining s(17) and s,(7) yields
sp () = s1.() + 52 ()

(36)

2" (n+ 2)
e n*Bt4
23+ d)"
2w’
P T2 B2
= B 1on
T2 6
Here, the higher order terms are truncated. Since (37) is purely
real, its phase is zero. The peak position of the focused target
occurs near the zero Doppler time 1 = 0. By setting the first-
order derivative of s,(17) to zero

. (37)

d K p2prt? 23
—s, () = - n=0 (38)
dn Ky 2" (n+2) 3
we can obtain the peak position
(n) n—1
3 Kion B
= — 39
T= 20Kk n 12y (39

These results indicate that an odd-order ionospheric phase
component induces a shift in the peak position of the focused
target, without changing its phase.

If n is even, s,(17) can be expressed as

sa () =51 () + s2()

i\""' eB a
= Bsinc (7Bn) + - — sinc (7Bn)
T 2% dnt
eB d"
= Bsinc (7Bn) + (— 1) J— 2 diy nsmc (mBn). (40)
Since  sinc(7Bp) and  its  even-order  derivative
d"[sinc(nBn)]/dn" are even functions, it follows that:
s, (—n) = Bsinc (—nBn)
+(=1)2 j2n = ——sinc (-7Bn)
= Bsinc (7Bn)
eB d"
+ (- 1)2j2n T ——sinc (7Brn)
= Sn (77) . (41)
This identity demonstrates that s,(y) is symmetric
about n = 0.

5216228

s,(n) can be approximated around n = O using the Taylor
series expansion in (34) and retaining terms up to second order

sa () =s1 () + s2()

ITZB3
:(B— 3' n2+)

: @By |
+ (-D? 12”1[( DE !
L @B e )L
(n+3)! 2!
B3
~(o-%5r)
€ n.BnJrl n33n+3 5
j— - 42
+]2”[(n+1) 2(n+3)”] 2
Its amplitude is given by
An ()
2B \? & [ g+  ppgit3 77
= B - 2 — - 2| . 43
\/( 3l ’7) +22”|:(n+1) 2(n+3)’7} N

The amplitude function attains its maximum at n = 0, which
is the zero Doppler time.
The phase of the focused target is given by
€ 7I'Bn+1 7T3Bn+3 5
> |:(n+ D 2013 }
B B3
"
B! B3

- n
€ n+1) 2m+3)
X — . 44
n B3 “44)
B

@, (1) = arctan

Specifically, the phase at the peak position is
€ nB"
n+1

_ f;’i B\
T2+ D\K, )

Equation (45) indicates that ®,(n = 0) increases with
ngi and B/K,. Therefore, in contrast to the odd-order
ionospheric phase components, the even-order ionospheric
phase components do not induce a shift in the peak posi-
tion of the focused target, but instead induce a phase
error.

Here, we consider the cubic and quartic ionospheric phase
components as examples. The cubic ionospheric phase com-
ponent with coefficient iy, according to (39), induces a shift
in the peak position of the focused target by

3 6ion Bn_l _ 3610n Bz
2" K" (n+2)|,., 40 K3
but does not change its phase. Conversely, according to (45),

the quartic ionospheric phase component with coefficient gjo,
induces a phase error at the peak position of the focused target

4
TTEjon B
= = 47
n=4 80 (Ka ) ( )

D, (n=0)~

(45)

Ncubic = (46)

ﬂ-glol’l

T2+ 1) (F)

(unartic
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but does not shift its peak position. According to (32), the
following conditions must be satisfied for these results to

remain valid:
K2}
|6ion| < 7&4 (E)

K 2\
|€ion] < 711 (E) .

The following summarizes the individual effects of different
ionospheric phase components on the focused target.

(48)

E. Summary

1) The odd-order ionospheric phase components (e.g., 1st,
3rd, 5th,...) induce a shift in the peak position of the
focused target, but do not change its phase.

2) The even-order ionospheric phase components (e.g.,
2nd, 4th, 6th,...) induce an error in its phase, but do
not shift its peak position. The phase error is an even
function that is symmetric about the peak position. In
the absence of the peak position shift induced by odd-
order ionospheric phase components, the phase error is
symmetric about the zero Doppler position (17 = 0).

3) The 2nd-order and higher order ionospheric phase
components also result in defocusing of the
target.

Moreover, the linear phase induced by the Doppler cen-
troid frequency is also essential. The linear phase is an odd
function that is antisymmetric about the zero Doppler position
(n = 0). We further emphasize that the phase error is evaluated
by comparing the signals at identical azimuth positions with
respect to the same origin, even if the peak position is shifted.
The coupling effects among different components, however,
are complex and should be further investigated in future
work.

The distinct effects of the odd- and even-order iono-
spheric phase components can be interpreted as follows.
The odd-order ionospheric phase components are odd func-
tions and antisymmetric about the Doppler centroid time.
This antisymmetry effectively applies a differential “push”
to the waveform, shifting the peak position. In contrast,
the even-order ionospheric phase components are even func-
tions, symmetric about the Doppler centroid time. They
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Fig. 5. Azimuth misregistration induced by the linear ionospheric phase
component. K, is 600 Hz/s, B is 2000 Hz, PRF is 2400 Hz, and fp is
1.26 GHz.

cause symmetric broadening, compression, or distortion of
the point target’s impulse response without shifting its peak
position.

The derived effects are valid in most real-world scenar-
ios. To demonstrate this validity, we assume the parameters
of an L-band satellite SAR system (B = 2000 Hz, K, =
600 Hz/s,PRF = 2400 Hz, fy = 126GHz, and V, =
7124 m/s). For the linear ionospheric phase component, the
peak position shift in (14) holds for any fion. A fion = 1 Hz
(corresponding to a ATEC = 1.56 TECU within the synthetic
aperture) leads to a peak position shift of approximately
four azimuth pixels (approximately 11.87 m), representing a
significant impact in real-world scenarios. The coefficients of
the quadratic and higher order ionospheric phase components
are expected to be less than this fi,, value in most real-
world scenarios, as the coefficients of the ionospheric phase
components generally decrease with increasing order. For the
coefficient Kj,, of the quadratic ionospheric phase component,
the main lobe splits into two distinct peaks when Kj,, exceeds
a certain threshold, which is approximately |Kj,,| = 0.4 Hz/s,
as shown in Fig. 3. Therefore, the derived phase error in (23)
and (24) is valid for |Kion| < 0.4 Hz/s. According to (24),
a Kijon = 0.36 Hz/s leads to a phase error of approximately
n/3 rad at the peak position. For the cubic (di,,) and quartic
(€ion) 1onospheric phase components, the peak position shift
given in (46) and the phase error given in (47) are valid when
6ion]< 0.069 Hz/s? and |gjon|< 0.041 Hz/s according to (48).
The simulation results in Sections IV-A and IV-B show that
these requirements can actually be relaxed to |djon|< 0.4 Hz/ s
and |gion|< 0.1 Hz/s. A 8ion = 0.30 Hz/s? can shift the peak
position by approximately one pixel, and an &, = 0.10 Hz/s?
can induce a phase error of nearly 0.48 rad at the peak
position.

III. EFFECTS ON INSAR AND CLOSURE PHASES

This section examines the effects of along-track ionospheric
variations within the synthetic aperture on InSAR, in which
the two SAR images experience spatially or temporally distinct
ionospheric conditions.
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Fig. 6.

InSAR phase error induced by the quadratic ionospheric phase component. K, is 600 Hz/s, B is 2000 Hz, PRF is 2400 Hz, and An, = 0 s.

(a) 71 = —0.3 pixel. (b) 7 = 0.0 pixel. (c) 7 = 0.3 pixel. The variation of 77 may arise from the odd-order ionospheric phase components.
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Fig. 7. Closure phase error induced by the quadratic ionospheric phase component. K, is 600 Hz/s, B is 2000 Hz, and PRF is 2400 Hz. (a) [Kion,i» Kion, > Kionx] =
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arise from the odd-order ionospheric phase components.

A. Underlying Mechanism for a Point Target

If the reference and secondary signals from a point tar-
get are precisely coregistered, such that their peak positions
coincide, the effective InSAR center will also coincide with
the peak positions. However, if a misregistration occurs due
to the relative azimuth shift and defocusing induced by the
ionosphere, as shown in Fig. 4, the effective InSAR center
will shift to a position intermediate between the two SAR
signal peaks. Accordingly, the InSAR phase corresponds to
the phase difference at the effective InNSAR center. Moreover,
if the positions of the effective InSAR centers differ among
the interferograms forming an InSAR phase triplet, a closure
phase error can arise.

B. Azimuth Misregistration for a Point Target

Assuming the azimuth offset due to imaging geometry has
been precisely calculated, the azimuth misregistrations are
caused by the differential shifts in the peak positions between
the reference and secondary SAR signals induced by the
odd-order ionospheric phase components. These differential
shifts can exhibit strong spatial variability across the image,
as shown in Section V, and therefore it is challenging to
estimate them consistently with high precision and accuracy
over the entire image using existing offset estimation meth-

ods, such as cross correlation and spectral-diversity methods
(301, [31].

Assuming the total azimuth shifts in the reference and
secondary signals are Anion, and Anions, respectively, the
misregistration is

ATlion = Anion,r - A77i0n,s~ (49)
Using the linear ionospheric phase component as an illustrative
case, the misregistration becomes

Jionr = fion,
Anion = A77i0n,r - Anion,s — Jwonr Jions
K,

(50)
where fion, and fion s are the linear ionospheric phase compo-
nent coefficients of the reference and secondary SAR signals,
respectively.

Fig. 5 presents the azimuth misregistrations due to the linear
ionospheric phase component, computed under typical system
configurations. The results show that a difference of only
0.1 Hz in the linear ionospheric phase component coefficients
(corresponding to a ATEC difference of 0.16 TECU within the
synthetic aperture) can induce a misregistration of 0.4 azimuth
pixels when K, is 600 Hz/s, B is 2000 Hz, PRF is 2400 Hz,
and f is 1.26 GHz.
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Fig. 8.

Focused target with different linear ionospheric phase components (fion = 0, *+ 1.0,42.0 Hz) under different Doppler centroid frequencies

(fye =0, £ 100 Hz). The blue and green curves show the amplitude and phase, respectively, and the black vertical line marks the peak position.

C. InSAR Phase Error for a Point Target

It is initially assumed that the secondary signal is coregis-
tered to the reference signal by aligning their zero Doppler
positions using geometric offsets. Note that we have defined
the origin of the azimuth time as the zero Doppler time
throughout this article. The origins of the reference and sec-
ondary signals then coincide. Assume that the effective InSAR
center is located at 7, which is identical for the reference sig-
nal, the secondary signal, and the interferogram. Considering
the peak position shifts induced by the odd-order ionospheric
phase components, an additional offset Az, estimated via,
e.g., cross correlation, may be applied. Consequently, the
corresponding effective InSAR center in the secondary signal
becomes 77 + An,.

Assume that S, focused.(17) and Sazfocused,s(17) are the focused
reference and secondary signals, and i(n) is the resulting
interferogram. Although we are analyzing a point target,
multilooking is performed, and we use an expectation operator
E(-) to represent the resulting interferogram after multilooking.

The phase of the multilooked interferogram is then

arg {E [i(n)]}

arg {E [saz,focused,r (77) s;z,focused,s (77)]}
arg {i (i)}

Q

61V

where we have used the interferometric phase at the effective
InSAR center 7 to approximate arg{E[i(17)]}.

The phase error in the reference signal at its effective InNSAR
center arises from the linear phase induced by the Doppler
centroid frequency and the phase errors induced by all the
even-order ionospheric phase components

q)atz,focused,r (ﬁ) = 27Tfm-f] + q);z\,”f?c)used,r (ﬁ)

where d);ezvfe;'gused (1) represents the phase error induced by all
the even-order ionospheric phase components of the reference
signal. It is not a simple summation of these phase errors, and
its analytical form is difficult to derive. Similarly, the phase

error in the secondary signal at its effective InSAR center is

Doy focused,s (7 + Any) = 27Tfm n+ An,)
(D(even) (77 + Anr)

az,focused,s

(52)

(53)
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Fig. 9. Focused target with different cubic ionospheric phase components (§ion = £0.06, =+ 0.15 Hz/s?) under different Doppler centroid frequencies
(fye =0, £ 100 Hz). The blue and green curves show the amplitude and phase, respectively, and the black vertical line marks the peak position.
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Fig. 10. Focused target with large djon values. f;, is O Hz. The blue and green curves show the amplitude and phase, respectively, and the black vertical line

marks the peak position.

where @'V ,(1) represents the phase errors induced by all

the even-order ionospheric phase components of the secondary
signal. Following (51), the phase error in the multilooked
interferogram can be approximated by the phase error in the
single-look interferogram at its effective InNSAR center

(Dim (ﬁ) = q)az,focused,r (ﬁ) - q)az,focused,s (f] + AT]r)

=27 fy Ay + q);i‘,/fe(?c)used,r @
= i foeuseas 1+ A1)

az,focused,s

(54)

The effective InSAR center of the interferogram is expected
to be close to its peak position.

Under typical system configurations and assuming An, = 0,
we take the quadratic ionospheric phase component as an
example to show the InSAR phase error in Fig. 6. The
secondary signal has been coregistered to the reference signal
using geometric offsets.

D. Distributed Target

A distributed target can be regarded as a combination
of multiple point targets. The ionosphere generally varies
smoothly in space. The original radar signals of all individual
point targets within a distributed target can be considered
to be advanced by the same ionospheric phase, because the
spatial variations of the ionosphere are generally negligi-
ble within a resolution cell or the size of the distributed
target. After focusing, the resulting ionospheric effects are
identical for each point target, and consequently, the dis-
tributed target as a whole will exhibit effects similar to
those observed for a point target, which will be demonstrated
below.

For the signals of all point targets within the distributed
target, we define a common origin, which is located at the
center of the distributed target. It is also the zero Doppler
position of the point target at the center of the distributed
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target. Assume that the focused signal for a point target with
unit reflectivity at this position is given by

Saz,focused (77) = Aaz,focused (77) exXp {jq)az,focused (77)} (55)

where Aazfocused(n7) and @y, focused(77) are the amplitude enve-
lope and phase of the signal, respectively. Then, the focused
signal for a point target at an arbitrary position can be
expressed as

TiSaz focused (1 = 1;)
riAaz,focused (T] - 7]1)
X €xXp {jq)az,focused (7] - 771)}

Saz,focused,i (77) =

(56)

where r; is the complex reflectivity of the point target, and 7;
is the position of the target.

The total scattered electromagnetic wave from the dis-
tributed target is the superposition of those from all constituent
point targets, and the resulting signal of the distributed target
is

N
SDS (77) = Z riAaz,focused (77 - 77[) exp {j(Daz,focused (77 - 771')}
i=1
(57
where we have assumed that the point targets are independent.
At the origin (17 = 0), sps(77) becomes

N
sps (0) = Z riAaz,focused (—Th) exXp {jq)az,focused (_77[)}- (58)

i=1

If the envelope of each point target, Ay, focused (17 —1:), 1S shifted
by the same amount Az due to the odd-order ionospheric phase
components, the envelope of spg(17) will also be approximately
shifted by An.

Assume that  su focused,r.i(77) and  Sazfocused,si(77) are the
focused reference and secondary signals for point target i
located at n;. They can be given by

Saz,focused,r,i (77) = T'jSaz focused,r (77 - 77i)

(59
Saz,focused,s,i m=r Saz,focused,s (m—mn)

where $a; focused,(17) and Sy, focused,s(77) are the focused reference
and secondary signals for the point target with unit reflectivity
located at the origin, as given in (55). Then, the signals of the
distributed target for the two acquisitions, sps (17) and sps_s(17),
can be expressed as

N

SDS,r (77) = Z Saz,focused,r,i (77)
= (60)
SDS,s (77) = Z Saz,focused,s,i (77)

i=1

The expected or multilooked interferogram of the target is
E[i(p]
= E [sps. (1) Sps.s ()]

N N
=F Z Saz.focused,r,i (77) Z s;z,focused,s,j (n)

i=1 j=1
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Fig. 13. Focused target with different quadratic ionospheric phase components (Kijo, = 40.1, 4 0.3 Hz/s) under different Doppler centroid frequencies
(fye =0, £ 100 Hz). The blue and green curves show the amplitude and phase, respectively, and the black vertical line marks the peak position.

N
E Z Saz focused,r,i () szz,focused,s,i (m
i=1

o

I
—_

E [Iri|2] Saz,focused,r (7] - 771‘) S;Z,focused,s (77 - 77i)

o

E[oi] Saz.focused,r (77 - 7]1‘) SZZ,focused,s (7] - ni) (61)

where |, = o is the radar cross section (RCS) of the
point target i (neglecting 4r) in the far field [32]. The cross-
product terms between different point targets have canceled
out, leaving only the self-interaction terms from the same point
targets.

For a homogeneously distributed target, all point targets
have an identical expected RCS, o = E[o;]. Then, (61)
becomes

N
E [l (Tl)] = Z O Saz focused,r n—m) s;z,focused,s (7] - T]l)
i=1
N
o Z Saz,focused,r (77 - '7:) s;z,focused,s (77 - 77z) (62)

i=1

The summation in the final line represents the expected value
of the summand under a uniform probability density

N
E [l (77)] =0 Z Saz,focused,r (77 - Th) SZz,focused,s (77 - 771)
i=1
=oNE [Saz,focused,r (7]:) SZZ,focused,s (77:)] (63)
where 7, = 75 — n;. The function inside the expectation

operator represents the InSAR signal of the point target with
unit reflectivity located at the origin. The phase term of the
expected value, as given by (51), approximately equals the
phase at the effective InNSAR center of the above point target

arg {E [Saz,focused,r (771,) SZz,focused,s (nl’)]} ~ arg {ip (7))} (64)

where ip and 7 denote the InSAR signal and the effective
InSAR center of the point target with unit reflectivity located
at the origin, respectively. Therefore, the effective InSAR
center of the homogeneous distributed target coincides with
the effective InSAR center of the point target located at the
origin. The argument arg{iy(7})} corresponds to the multilooked
InSAR phase of the target.

For a heterogeneous target, the RCS of the individual point
targets differs from one another. Consequently, the expected
value of the interferogram for the target is

E [l (77)] =E [SDS,r (7]) s]*)S,s (n)]
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Fig. 14. Focused target with different quartic ionospheric phase components (gion = £0.04, =+ 0.10 Hz/s?) under different Doppler centroid frequencies
(fye =0, £ 100 Hz). The blue and green curves show the amplitude and phase, respectively, and the black vertical line marks the peak position.
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Fig. 15. Focused target with large Kijo, values. f;, is O Hz. The blue and green curves show the amplitude and phase, respectively, and the black vertical
line marks the axis of symmetry of the amplitude curve.
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Fig. 16. Focused target with large &jo, values. f;, is 0 Hz. The blue and green curves show the amplitude and phase, respectively, and the black vertical line
marks the peak position.

N
= Z E [0-1] Saz.focused,r (77 - T]l) SZz,focused,s (77 - 77:)

where the RCS of the point target located at n; is o (1), 77} =
n—n;, and o’(n}) = o(y — n;). The summation in the final
step represents the expected value of the summand under
a nonuniform probability density that is determined by the
RCS distribution. Consequently, its phase differs from that at
the effective InSAR center of a point target located at the
o’ ('7:) Saz.focused.r (77:) 5% focused.s (TI:) (65) origin. Nevertheless, a location 7’ can still be foupd whe're th~e
phase matches that of the summation result. This location 7’

-

o (711) saz,focused,r (77 - T]l) sZz,focused,s (77 - le)

o

Il
—_
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Fig. 17. Phase error at the peak position of the focused target in the presence of (a) quadratic and (b) quartic ionospheric phase components. f;, is 0 Hz.
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Fig. 18. Shift in the peak position of the focused target in the presence of (a) quadratic and (b) quartic ionospheric phase components. f;. is 0 Hz.

is defined as the effective InSAR center of the heterogeneous
distributed target. The argument arg{iy(7’)} corresponds to the
multilooked InSAR phase of the target.

In summary, for a homogeneous distributed target, the
effective InSAR center coincides with that of the point target
located at the origin. In contrast, the effective InNSAR center
of a heterogeneous distributed target may deviate from this
position. The multilooked InSAR phase of the distributed
target with effective InSAR center 7 is given by arg{io(77)},
where iy denotes the InNSAR signal of the point target located
at the origin. The ionosphere-induced InSAR phase error can
then be computed using (54) in Section III-C. Therefore, the
distributed and point targets can be unified under the same
formulation.

E. Closure Phase Error

To examine the closure phase errors, we consider three
SAR signals, denoted by i, j, and k, where i serves as
the reference signal, and the other two are coregistered to
it using geometric offsets. The phase errors induced by all
the even-order ionospheric phase components of the signals
are q);ezvfe:c)usedz(n)’ fiezvlsgc)used j(n) and dezvg(:]c)used k(r]) From these
SAR signals, a total of three InSAR pairs can be formed.
Their effective InSAR centers are located at #;j, #ix, and
ik, respectively. Further assume that offsets estimated via
cross correlation are applied to account for the peak position
shifts induced by the odd-order ionospheric phase components,
leading to time offsets An;; and An;; in the corresponding
effective InSAR centers of the secondary signals.

Following (54), the InSAR phase errors at the effective
InSAR centers are:

~ _ (even) ~
(Dint,i,j (r]i»j) - _27Tf77cA77i»j (I)dZ focused,i (ni»./)
(even)

- (Daz,focused j (771 it Am,j)
= _Z”fmATh,k + (D;ezvfeonc)usedz (ﬁ"’k)

(even)

- (Daz,focused,k (rli»k + Ani,k)

=2nfy, (=Amij + Anig)
(even) ~
+ (Daez?(;]cused,j (nj,k + Ani,j)
(even)

- q)az,focused,k (ﬁj,k + Ani,k) :

Dingi (7lik)
(66)
Dine ik (7)) =

The closure phase error in the InSAR phase triplet is then
given by

CI)closure,i,j,k (ﬁi,j,k)

= (I)im,i,j (f]i,j) + (Dint,j,k (f]j,k) - (Dint,i,k (ﬁi,k)
= -2nfy (An,- = A+ Ay - Afh,k)

+ O e (1) = O ousea,; (i + D)
+ O e ([ + Ang )
- q)gezvf:c)used o (s + Ani)
— O e (k)
e(livfeonc)used v (s + Ani)
= ;ivfec?c)usedl (’71 J) q);ivf:(:)uqedt (’7i,k)
— OO e iy + A )
+ 00 e ik + Amiy)
- q);ezvfe(?c)usedk (71jk + Anig)
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Fig. 19. Simulated InSAR result in the presence of quadratic ionospheric phase components. Quadratic ionospheric phase components (Kjon » and Kjon s) are
introduced into the reference and secondary signals. (a) Effective InSAR center. (b) InSAR phase error. f,, is 0 Hz and PRF is 2400 Hz.
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Fig. 20. Simulated InSAR result in the presence of quadratic and cubic ionospheric phase components. Quadratic ionospheric phase components (Kjop ) are
introduced into the reference signal, whereas cubic ionospheric phase components (djon,s) are introduced into the secondary signal. (a) Effective InNSAR center.

(b) InSAR phase error. f;, is 0 Hz and PRF is 2400 Hz.
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Fig. 21. Simulated closure phase errors from three SAR signals s;, s;, and s;. A quadratic ionospheric phase component with a fixed coefficient (Kjon,;)
of 0.4 Hz/s is introduced into s;. (a) Quadratic ionospheric phase components (Kjon,;) are introduced into s;, whereas cubic ionospheric phase components
(Gionk) are introduced into sg. (b) Cubic ionospheric phase components (Sion,j and Sionk) are introduced into both s; and s¢. f;. is 0 Hz.

(even)
az,focused,k

+ O (ﬁi,k-l-AUi,k) .

From the above expression, the coupling between the InSAR
phase errors and the variations in the effective InSAR center
can induce a closure phase error. The InSAR phase errors
are mainly induced by the even-order ionospheric phase
components, whereas the variations of the effective InSAR
center are mainly induced by the odd-order ionospheric phase
components. The defocusing induced by the 2nd-order and
higher order ionospheric phase components also contributes

(67)

to the variations. The linear phase induced by the Doppler
centroid frequency, however, does not affect the closure phase
error. It is noteworthy that if the signals are well coregistered,
the effective InSAR center does not vary, and

ij = Njk = Nik- (68)
Then, the closure phase error becomes zero. This high-
lights the importance of precise azimuth coregistration. To
mitigate the closure phase error, spectral-diversity [30] or
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TABLE I
DETAILS OF THE EXPERIMENTAL DATA

Satellite Mode Region Ionosphere Date [YYYY/MM/DD]
ALOS FBS/FBD Chile Heavy 2007/02/26  2007/08/29 2007/10/14
Mount Fuji, Japan Moderate 2020/06/19 2021/06/18 2021/07/16
ALOS-2 UBS
Kumamoto, Japan Light 2018/11/12  2018/12/10 2019/02/18
Real Data Modeled Real Data Modeled

Residual

fion =0.1Hz

1.0 (Y]
Real Data Modeled

o, B R
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I
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Fig. 22. Azimuth offsets induced by a linear ionospheric phase component
with fion = 0.1 Hz and a cubic ionospheric phase component with djon =
0.01 Hz/s%.

cross correlation methods can be applied following geometric
coregistration.

We again consider only the quadratic ionospheric phase
component to illustrate the closure phase error. Fig. 7 presents
the results under typical system configurations. The secondary
signals have been coregistered to the reference signal using
geometric offsets.

IV. SIMULATION

In this section, we conduct simulations to verify the
effects of the along-track ionospheric variations within the
synthetic aperture, as derived in Sections II and III. We
use the parameters of an L-band satellite SAR system.
The azimuth FM rate K, is 600 Hz/s, the azimuth band-
width B is 2000 Hz, and the effective radar velocity is
7557.8 m/s. The simulation begins with the generation of
the raw azimuth signal using (1). Different ionospheric phase
components are introduced into the signal. The resulting
signals are then focused by a matched filter constructed
using the nominal FM rate. The results are presented
below.

A. Effects of Odd-Order lonospheric Phase Components

Fig. 8 presents examples of the focused target with different
linear ionospheric phase components (fi,,) under different
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Fig. 23. InSAR phase errors induced by a quadratic ionospheric phase

component with Kjo, = 0.1 Hz/s and a quartic ionospheric phase component
with gjon = 0.005 Hz/s>.

B (o) E

Fig. 24. Closure phase errors induced by a quadratic ionospheric phase
component with Kj,, = 0.2 Hz/s.

Doppler centroid frequencies (f;,). The results for cubic iono-
spheric phase components (Jion,) are shown in Fig. 9. The
azimuth envelope is modeled as a rectangular function. As
expected, no phase errors are introduced into the focusing
results, but the peak positions are shifted, which depends
on the ionospheric phase component coeflicients. The slope
of the phase varies as a function of the Doppler centroid
frequency f; . For the linear ionospheric phase components,
the resulting amplitude profiles are not altered. However, they
are distorted by the cubic ionospheric phase components,
leading to defocusing. The defocus is barely visible in Fig. 9.
As 0ion increases, however, the defocus becomes pronounced,
as shown in Fig. 10. The main lobe is broadened and merges
with the sidelobes on one side.
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Fig. 25. Azimuth misregistrations induced by the odd-order ionospheric phase components.
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Fig. 26. Impacts of the azimuth misregistrations induced by the odd-order ionospheric phase components on InSAR phase errors. Region: Chile.

The shifts of the peak positions obtained from simulations
are compared with theoretical predictions from (14) and (46)
in Fig. 11, where f;_is fixed at 0 Hz. For the linear ionospheric
phase components, they exhibit excellent agreement. For the
cubic ionospheric phase components, (46) provides a good
approximation for |6;o,| < 0.4 Hz/s?, but it begins to overesti-
mate the shift as 0;,, increases. As discussed in Section II-B,
1 Hz is already a large value for fi,,. We expect that djon
should be much smaller than f,,,. Therefore, || > 0.4 Hz/s?
rarely occurs. The phases at the peak positions obtained from
simulations are also in excellent agreement with the theoretical

predictions from (16) and (37) in Fig. 12, where f; is fixed
at 100 Hz.

B. Effects of Even-Order lonospheric Phase Components

Fig. 13 presents examples of the focused target with dif-
ferent quadratic ionospheric phase components (Kj,,) under
different Doppler centroid frequencies (f,. ). The results for
quartic ionospheric phase components (gj,,) are shown in
Fig. 14. The azimuth envelope is approximated by a rectangu-
lar function. The results confirm that even-order ionospheric
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Fig. 27. Azimuth offset from cross correlation, the phase difference caused by
the linear phase associated with the Doppler centroid frequency (33 Hz), and
the unwrapped phase difference for the InSAR pair 2007/02/26-2007/08/29.
Region: Chile.

phase components do not shift the peak position of the focused
target. However, they induce phase anomalies whose magni-
tudes depend on the ionospheric phase component coefficients
Kion and &, The Doppler centroid frequency f, breaks
the symmetry of the phase profile. The amplitude profile
is distorted with increasing ionospheric phase component
coefficients Kjo, and €jo,, manifesting as main lobe broadening
and sidelobe merging. In addition, as illustrated in Figs.
15 and 16, the main lobe in the presence of a quadratic
ionospheric phase component splits into two distinct peaks
when Kj,, exceeds a threshold, which is a phenomenon not
observed with the quartic ionospheric phase component. The
distortion of the amplitude profile leads to defocusing of the
target.

The phase error at the peak position of the focused target
is subsequently examined in Fig. 17 with f, fixed at O Hz.
Fig. 17(a) presents the results for the quadratic ionospheric
phase component, comparing the phase error from simula-
tion, using both rectangular and sinc’(-) azimuth envelopes,
against that predicted by (22) derived in Section II-C and the
QPE/3 from [26]. The results demonstrate excellent agreement
between the simulation for a rectangular envelope and the
theory. However, the phase errors from the simulation using
the sinc?(-) envelope are slightly lower than the theoretical
predictions, and the QPE/3 values are slightly higher. This dis-
crepancy widens as Kjo, increases. Fig. 17(b) shows the results
for the quartic ionospheric phase component. Equation (47)
provides a good approximation for |gj,,| < 0.1 Hz/ s3, but it
increasingly overestimates the phase error as &j,, increases.

The peak positions of the focused targets are also examined
in Fig. 18. As predicted in Sections II-C and II-D, no shift is
observed in the simulations.

5216228

C. InSAR Phase Error

Figs. 19 and 20 present the simulated results of the effective
InSAR centers and the InNSAR phase errors in the presence
of different ionospheric phase components in the reference
and secondary signals. We have used the peak position of
the interferogram to represent the effective InSAR center. The
azimuth envelopes are simplified as rectangular functions. The
Doppler centroid frequency f;, is fixed at 0 Hz.

In Fig. 19, quadratic ionospheric phase components (Kion,,
and Kjop 5) are introduced into the reference and secondary sig-
nals. Fig. 19(a) shows that the effective InSAR centers remain
unchanged, which agrees with the theoretical prediction that
the even-order ionospheric phase components do not shift the
peak position. In contrast, as shown in Fig. 19(b), the InSAR
phase errors vary significantly with the quadratic ionospheric
phase components.

In Fig. 20, quadratic ionospheric phase components (Kiop )
are introduced into the reference signal, while cubic iono-
spheric phase components (jons) are introduced into the
secondary signal. As shown in Fig. 20(a), the effective InSAR
center varies due to the cubic ionospheric phase components,
which agrees with the theoretical prediction that the odd-order
ionospheric phase components shift the peak position. Defo-
cusing also exerts a subtle influence on the effective InNSAR
center. As expected, the InSAR phase error also varies signif-
icantly with the ionospheric phase components, as shown in
Fig. 20(b).

D. Closure Phase Error

Fig. 21 presents the simulated results of the closure phase
errors in the presence of different ionospheric phase com-
ponents. The closure phase errors are calculated from three
signals denoted by s;, s;, and s;. The azimuth envelopes are
simplified as a rectangular function. Similar to the simulations
in Section I'V-C, we take the quadratic and cubic ionospheric
phase components as examples. A quadratic ionospheric phase
component with a fixed coefficient (Kjon;) of 0.4 Hz/s is
introduced into s;. The ionospheric phase components in s; and
s are varied independently. The Doppler centroid frequency
Jn. 1s fixed at 0 Hz.

In Fig. 21(a), quadratic ionospheric phase components
(Kion,j) are introduced into s;, while cubic ionospheric phase
components (Jion ) are introduced into si. In Fig. 21(b), cubic
ionospheric phase components (Jion,j and Gion ) are introduced
into both s; and s;. As expected, both results show closure
phase errors that are not negligible.

E. Simulation With Real SAR Data

We further quantitatively validate the theoretical findings by
introducing additional ionospheric phase components into the
secondary SAR image of InSAR pairs in the range—Doppler
domain. We use the data acquired by ALOS-2 over the Mount
Fuji area in Japan. The details of the data are listed in
Table 1. We first examine the azimuth misregistrations
and InSAR phase errors using the InSAR pair of
2020/06/19-2021/06/18.

Fig. 22 presents the azimuth offsets induced by a linear
ionospheric phase component with a coefficient (fio,) of 0.1 Hz
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Fig. 28. InSAR phases of the Mount Fuji region. The InSAR pair used is 2020/06/19-2021/06/18. The first image shows the original InSAR phase generated
using combined geometric and cross correlation offsets. The other images show the differences between the InSAR phases generated by intentionally adding

spatially uniform azimuth misregistrations and the original InSAR phase.
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Fig. 29. InSAR phases of Kumamoto region. The InSAR pair used is 2018/11/12-2018/12/10. The first image shows the original InSAR phase generated
using combined geometric and cross correlation offsets. The other images show the differences between the InNSAR phases generated by intentionally adding

spatially uniform azimuth misregistrations and the original InNSAR phase.

Mount Fuji
Misreg = +0.4 pixel Misreg = +0.8 pixel

Fig. 30. Sums of the phase differences.

and a cubic ionospheric phase component with a coefficient
(Sion) Of 0.01 Hz/s2. The observed values are consistent with
the theoretical predictions.

Fig. 23 shows the resulting InSAR phase errors after
introducing a quadratic ionospheric phase component with a
coefficient (Kjon) of 0.1 Hz/s and a quartic ionospheric phase
component with a coefficient (gi,) of 0.005 Hz/s®. These
InSAR phase errors are also in good agreement with the
theoretical predictions.

Finally, we examine the closure phase errors using the
Mount Fuji dataset listed in Table I. A quadratic ionospheric
phase component with a coefficient (Kj,,) of 0.2 Hz/s is
introduced into the range—Doppler domain of the 2021/06/18
acquisition. This introduction, combined with the preex-
isting ionospheric effects in the data, shifts the effective
InSAR centers of the pairs 2020/06/19-2021/06/18 and
2021/06/18-2021/07/16, leading to closure phase errors. The
resulting closure phase errors are presented in Fig. 24. How-

Kumamoto
Misreg = +0.4 pixel

Misreg = +0.8 pixel

ever, accurately predicting these errors remains challenging
because the preexisting ionospheric effects are unknown,
which consequently renders the shifts in the effective
InSAR centers undetermined. Nevertheless, the results exhibit
ionospheric “streaks,” which align with the azimuth misregis-
trations shown in Fig. 25.

V. REAL-DATA EXPERIMENT
For real-data experiments, we use L-band ALOS PAL-
SAR and ALOS-2 PALSAR-2 data, although the developed
theory is also applicable to SAR data acquired by other
satellites. The details of these datasets are summarized in
Table L.

A. Azimuth Misregistration

To examine the azimuth misregistrations induced by the
odd-order ionospheric phase components, we coregister the
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Fig. 31. Closure phases of Chile region.

SAR images using geometric offsets and then conduct cross
correlation between the coregistered images.

Fig. 25 presents the azimuth offsets from cross correlation,
representing the azimuth misregistrations induced by the iono-
sphere. The azimuth offsets directly reflect the effects of the
odd-order ionospheric phase components. They dominate the
variation of the effective InNSAR center and, consequently, exert
a significant impact on both InSAR and closure phase errors.
However, it remains challenging to consistently estimate these
spatially varying azimuth offsets across the entire image with
high precision in practical scenarios.

B. InSAR Phase Error

We first examine the impacts of the azimuth mis-
registrations induced by the odd-order ionospheric phase
components on the InSAR phase errors. Fig. 26 presents
the results for Chile dataset, in which acquisition 2007/02/26
is subject to heavy ionospheric effects. We generate inter-
ferograms by coregistering the images using two strategies:
1) geometric offsets and 2) geometric and cross corre-
lation offsets. The differences between the interferograms
are caused by the combined effects of the azimuth mis-
registrations induced by the odd-order ionospheric phase
components, the phase errors induced by the even-order
ionospheric phase components, and the linear phase induced
by the Doppler centroid frequency. Correcting the azimuth
misregistrations induced by the odd-order ionospheric phase
components leads to variations in the effective InSAR center
and, consequently, significantly changes the InSAR phase
errors.

Notably, large spatial variations are observed in the
phase differences derived from the two coregistration
methods for the InSAR pairs 2007/02/26-2007/08/29 and
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2007/02/26-2007/10/14. They are unlikely to be caused by
the phase errors induced by the even-order ionospheric phase
components, as these phase errors are small. We then examine
the potential effect of the linear phase induced by the Doppler
centroid frequency. The phase difference caused by the linear
phase depends on the azimuth offsets induced by the odd-order
ionospheric phase components. Fig. 27 shows the azimuth
offset from cross correlation, the phase difference caused by
the linear phase, and the unwrapped phase difference for pair
2007/02/26-2007/08/29. Since the phase difference caused by
the linear phase is considerably smaller than the unwrapped
phase difference, the large phase differences are not caused
by the linear phase associated with the Doppler centroid
frequency. The interferograms formed with such large azimuth
misregistrations would completely decorrelate according to
classical InSAR theory. However, the fringes remain clearly
visible. The underlying mechanism is beyond the scope of
this work. Nevertheless, such large azimuth misregistrations
are unlikely to occur in practical scenarios, as they would be
mitigated by cross correlation.

We now validate the impacts of the even-order ionospheric
phase components on InSAR phase errors. We intentionally
add spatially uniform azimuth misregistrations of +An to the
combined geometric and cross correlation offsets. We compute
the phase differences between the interferograms formed with
and without the intentionally added azimuth misregistrations.
The phase differences arise from the phase errors induced by
the even-order ionospheric phase components and the linear
phase induced by the Doppler centroid frequency. We then
compute the sum of the phase differences, which contains
only the phase errors induced by the even-order ionospheric
phase components. The entire process is described in detail
below.

Assuming that the effective InSAR center of a ground
target in the reference signal is located at 7. Recall that
we have defined the origin of the azimuth time as the
zero Doppler time throughout this article. The zero Doppler
times of the reference and secondary signals coincide after
coregistration using geometric offsets. Here, the offset esti-
mated via cross correlation is also used in coregistration,
leading to an azimuth offset Az, in the corresponding effective
InSAR center of the secondary signal. Therefore, the effective
InSAR center in the secondary signal becomes 7 + An,.
According to (52) and (53), the phase errors in the refer-
ence and secondary signals at the effective InSAR centers
are

(Daz,focused,r (ﬁ) = Zﬂfmﬁ + q);ez‘jf?c)used, (ﬁ)
cI)az,focused,s (ﬁ + Anr) = 27l'f;75 (ﬁ + Anr)
(even) ~
+ q)ai‘,]?(i:used,s (77 + AT]”) :
The original InSAR phase error is
(Dim (ﬁ) = cDalz,focused,r (f]) - (Daz,focused,x (77 + Arlr)
= 2xfy A, + O (@)

az,focused,r

(69)

- (Dz(ii\,/feglc:)used,s (TN] + A’?r) . (70)

If we intentionally add a misregistration An to the offset,
the effective InSAR centers shift to 774 and 7+ + A, + Ap in

Authorized licensed use limited to: Peking University. Downloaded on September 28,2026 at 03:12:26 UTC from IEEE Xplore. Restrictions apply.



5216228 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 64, 2026

Closure Phase

Closure Phase Difference

Misreg = +0.4 pixel Misreg = +0.8 pixel Misreg = 0.8 pixel

S

L% 5 ¥ b
(rad)

Misreg = —0.4 pixel

(rad)

el

Fig. 32. Closure phases of the Mount Fuji region. The first image shows the original closure phase generated using combined geometric and cross correlation
offsets. The other images show the differences between the closure phases generated by intentionally adding spatially uniform azimuth misregistrations and

the original closure phase.
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Fig. 33. Closure phases of Kumamoto region. The first image shows the original closure phase generated using combined geometric and cross correlation
offsets. The other images show the differences between the closure phases generated by intentionally adding spatially uniform azimuth misregistrations and

the original closure phase.

the reference and secondary signals, and the phase errors at
the effective InSAR centers become

(even)

(Daz,focused,r,+ (ﬁ-‘r) = Zﬂf'kﬁ-i' + (Daz,focused,r (ﬁ"")
(Daz,focused,s,+ (ﬁ+ + A?]r + A77)

=2nfy. (s + An, + An) 70
O eusea.s (74 + Ay + A)
Accordingly, the InNSAR phase error is
DQine,+ (714) = Pagfocusedrt (714)
= Dy focused,s.+ (74 + An, + An)
= =2mfy (A A0 + o (774)
— O fouseas (74 + A+ An). (72)

The difference between this InSAR phase error and the original
InSAR phase error is

= Ding 1 (774) = Dine (7))
=27y A+ O o, (714)
— D e (7 + An + An)
= DT e D)+ D G+ A1)

az,focused,r

AcI)int,+

(73)

Similarly, if the added misregistration is —An, the effective
InSAR centers shift to 77— and 77— 4+ An, — An in the reference
and secondary signals, and the phase errors at the effective
InSAR centers become

(Daz,focused,r,— (ﬁ—) = 27Tf77c 77— + q);ez‘?:c)used,r (ﬁ—)
(Daz,focused,s,— (77— + Ar]r - AT])
=2nfy. (- + An, — An)

(even) ~
+ q)aez\,lt?(l;cused,s (77— + AT], - AT]) .

(74)

Accordingly, the InNSAR phase error is

(Dinl,— (ﬁ—) = q)az,focused,r,f (f],)
- (Daz,focused,s,— (f]— + Anr - AT])
_Zﬂfflc (An’ - AT]) + (Dz(;?(?c)used,r (ﬁ*)

- q)gez?:c)used,s (ﬁ— + AT], - An) .
The difference between this InSAR phase error and the original
InSAR phase error is

ADiy . = Djpe - (7-) — Dige (77)

= 27l'f,7£A7] + q)z(ii\,]?(?c)used,r (ﬁ_)

- (Dixez‘,/glc)used,s (ﬁ_ + AT], - ATI)

(even) ~ (even) -
ai‘jfegcused,r @) + q)ai‘,/fe(?cused,s (@ + Any).
The sum of the two phase differences is

A(I)int,:I: = A(I)int,+ + A(I)int,—

_ s(even)

- q)az,focused,r (ﬁ+) +
_ Zq)(even) (ﬁ)

az,focused,r

(even) ~
- q)ai\,,fe;lcused,s (r]JF + An, + AT])

( ) ~
- q)a‘;\,lt?(?cused,s (TI— + Aﬂr - AT])

+ zq)gez?gc)used,s (ﬁ + Anr) .

In the sum of the phase differences, the linear phases
induced by the Doppler centroid frequency cancel each
other. In contrast, the phase errors induced by the even-
order ionospheric phase components do not cancel and thus
remain.

We conduct experiments using the Mount Fuji and
Kumamoto datasets. The original interferograms are generated

(75)

(76)

(even) ~
(Daz,focused,r (77—)

(77)
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by coregistering the SAR images using geometric and cross
correlation offsets. We test £An = +0.4 pixel and +Ap =
+0.8 pixel. We have removed the constant ionospheric phase
component estimated using the range split-spectrum method.
The phase differences for the two datasets are presented in
Figs. 28 and 29. The sums of the phase differences shown
in Fig. 30 exhibit more pronounced variations compared with
the individual phase differences, indicating the impact of the
even-order ionospheric phase components.

C. Closure Phase Error

Fig. 31 presents the closure phases for Chile dataset. The
closure phases are derived using three sets of interferograms,
formed using the geometric offsets with: 1) no additional
offset; 2) a half cross correlation offset; and 3) a full cross
correlation offset, respectively. The closure phases manifest
as “streaks,” a distinct signature of ionospheric effects. They
are also correlated with the azimuth misregistrations induced
by the odd-order ionospheric phase components, as shown in
Fig. 25. As the azimuth misregistrations are progressively mit-
igated through cross correlation, the resulting closure phases
are correspondingly reduced. This validates the theory in
Section III-E that precise azimuth coregistration can eliminate
closure phase errors related to the along-track ionospheric
variations within the synthetic aperture.

Fig. 32 presents the closure phases for the Mount Fuji
dataset. We have coregistered the images using the combined
geometric and cross correlation offsets. In addition, the iono-
spheric effects in this dataset are moderate. Therefore, the
closure phase errors attributable to the ionosphere are not
significant and are overwhelmed by the closure phases of
physical origin on the ground. Nevertheless, a banding feature
spatially correlated with the azimuth misregistrations in Fig. 25
remains discernible. It is likely attributable to the ionosphere,
arising from the residual azimuth misregistrations that persist
even after the application of cross correlation offsets. As in
Section V-B, we intentionally add spatially uniform azimuth
misregistrations to the acquisition 2021/06/18 and calculate the
resulting closure phases. The closure phase differences relative
to the original results exhibit distinct ionospheric signatures.

Fig. 33 presents the corresponding results for Kumamoto
dataset, which is subject to light ionospheric effects. The spa-
tially uniform azimuth misregistrations are added to the acqui-
sition 2018/12/10. The results are similar to those of the
Mount Fuji dataset, though the ionospheric effects are even
less pronounced.

The results in this section collectively demonstrate the
significant impacts of the along-track ionospheric variations
within the synthetic aperture on both InSAR and closure
phases.

VI. CONCLUSION

In this work, we have systematically investigated
the impacts of the along-track ionospheric variations
within the synthetic aperture. For the focusing results of a
point target, the individual effects of different ionospheric
phase components are as follows.
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1) The odd-order ionospheric phase components (e.g., 1st,
3rd, 5th,...) induce a shift in the peak position of the
focused target, but do not change its phase.

2) The even-order ionospheric phase components (e.g.,
2nd, 4th, 6th,...) induce an error in its phase, but do
not shift its peak position. The phase error is an even
function that is symmetric about the peak position. In
the absence of the peak position shift induced by odd-
order ionospheric phase components, the phase error is
symmetric about zero Doppler position (17 = 0).

3) The 2nd-order and higher order ionospheric phase
components also result in defocusing of the target, a
well-recognized phenomenon.

Together with the linear phase induced by the Doppler centroid
frequency, which is an odd function that is symmetric about
the zero Doppler position ( = 0), these impacts can lead to
significant InNSAR and closure phase errors depending on the
ionospheric activity level. Precise azimuth coregistration can
effectively mitigate the closure phase errors. We reiterate that
the phase error is computed between the signals at identical
azimuth positions with respect to the same origin, even if the
peak position is shifted. The coupling effects among different
components, however, are complex and should be further
investigated in future work.

While it is difficult to establish a numerical threshold or
objective criterion to determine when the analyzed iono-
spheric effects become negligible, they are generally prevalent
and nonnegligible at L-band as evidenced by the frequently
observed azimuth offsets comparable to the azimuth pixel size.
For C-band SAR, the corresponding ionospheric effects are
typically negligible.

APPENDIX A
RANGE-AZIMUTH COUPLING

In this section, we examine the range-azimuth coupling
issues associated with ionospheric effects.

The first issue concerns the imaging geometry. The imaging
geometries are fundamentally distinct in the range and azimuth
directions. For a point target, the piercing point of the SAR
signal in the ionosphere is fixed in the range direction. The
resulting ionospheric effects therefore do not vary for the
target. In the azimuth direction, however, the piercing point
moves continuously within the synthetic aperture, leading to
spatially varying ionospheric effects. Consequently, there is no
range—azimuth coupling in this regard.

The second issue is related to azimuth SAR focusing, which
involves range cell migration (RCM) correction (RCMC)
and secondary range compression (SRC). As RCMC and
SRC depend on azimuth phase history, they may be affected
by ionospheric effects, resulting in range—azimuth coupling
effects. However, we demonstrate that these effects are neg-
ligible. In the following, we will take the linear ionospheric
phase component, which is typically the largest contribution
from the ionosphere, as an example and provide a numerical
assessment.

We begin with RCMC. Assume that the SAR signal
experiences an azimuth-varying ionospheric TEC profile,
TEC(77), which induces a linear ionospheric phase component
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with a rate of fio,. The resulting signal can be expressed
as [26]

Sion (T, 77)
(77)
=Aow, [T — —— [ wa (n — nc) exp
4nKTEC (n)}

2
jrK, |:T— M} }exp {j
c cfo

= Aow, |:T - ﬁ} wq (= 1c) €Xp % AmfoR (77)}

C

X exp

2R

x exp \ jrk, [T - T} } exp { /27 fion (1 — 1)} (78)

where w, is the range envelope, T is the range time, fy is
the radar central frequency, R(n) is the instantaneous slant
range, and K, is the range chirp FM rate. Other parameters are
identical to those in (1). After range compression, the signal
in the range—Doppler domain is given by

Sion (T, fn)

_ Aopr |:T _ 2er (f?] - fion)

c :| Wa (fn - fn( - fion)

2
Xep{ Rl o}exp{jﬂ(ﬁ]—ﬁm)

X,
X exp { ot } (79)
where :
R (1 fon) = Ro-+ 22 (7~ fn)’
= Ro+ AR (f, = fion) - (80)

pr is the compressed range envelope, and f, is the azimuth
frequency. Other parameters are identical to those in (1)—(3).
The RCM component to be corrected, AR(f, — fion), is indeed
influenced by the ionosphere. The resulting RCMC error is

2R 2R
R(fn_fion) - AR (fn) = WQO (ffl_fion)z Sv20f'7
2R,

(f20=2fmfy)- (81

Bz
Here, we provide a quantitative assessment of the RCMC
error using the parameters of an L-band satellite SAR system
(A =0238m, Ry = 800000 m, V, = 7557.8 m/s, azimuth
bandwidth B = 2000 Hz, and K, = 2940.74 GHz/s). The error
attains its maximum value at the edge of the synthetic aperture,
which corresponds to an azimuth frequency of approximately
Jfn = B/2. Even with a very large fi,, of 1 Hz, the error at
this position is 0.20 m, which is 0.20% of the original RCM
magnitude and approximately 1/10 of a range resolution cell.
Therefore, its effects can be neglected. As for the higher order
ionospheric phase components, their effects are even smaller,
as their magnitudes are typically smaller than that of the linear
ionospheric phase component.
Regarding SRC, it should be noted that the squint angles
of most current spaceborne SAR systems are minimal. For
example, ALOS-2 has a squint angle of less than 0.05°. Under
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such small-squint-angle conditions, SRC can generally be
neglected. Nevertheless, we demonstrate that the ionospheric
effect on SRC is negligible.

The SAR signal without ionospheric effects in the
range—Doppler domain is given by [26]

So (T’ fn)

pa— 4 —_— 2R_0 a—

47rR0D (- V) f0§

Cc

X exp

2
2R
X exp § jaK, | T — S (82)
eD (£, Vy)
where A, is a complex constant,
2f2
D(f,V,) = /1 - —" 83
(V) g (83)
is the migration factor, and
K,
= (84)

1= cRof2K/ [2V3£3D° (£, V)]

is the modified range chirp FM rate. Other parameters are
identical to those in (1) and (79). The range—azimuth coupling-
induced range FM rate deviation, K,, — K,, necessitates SRC.

We again introduce the linear ionospheric phase com-
ponent used in the analysis of RCMC. The signal then
becomes

S ion (T’ ffl)

2R0 )j| Wa (fn - fion - fm-)

= Aw, |[1- ———————
c¢D (fr] = fion> V»

X exp {j27rfi0n J;(i }

 oxp % 47RoD (f, = fion Vi) fo}
c
2R ?
i K ion - —0
X exp 4 jaKpy, |:T D (f,, o Vr)j| (85)
where
CZ (f - ﬁon)Z
D (fy = fion Vi) = | 1= 4”‘,—2]%2 (86)
and
Km,ion
= K . (87
1 —cRy (fr] flon) [ sto3D3 (fn = fions Vr)]

The variation in K, is Ky ion — Kin-

We also use the L-band satellite SAR system parameters
to provide a quantitative assessment of the resulting error.
At the edge of the synthetic aperture, which corresponds to
an azimuth frequency of approximately f, = B/2,K, — K,
reaches its maximum of 1202370.94 Hz/s. Here, K, ion — Kin
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is —2404.43 Hz/s, representing only 0.20% of K, — K,.
Therefore, its effects can be neglected. As for the higher order
ionospheric phase components, their effects are again even
smaller.

To summarize, the range—azimuth coupling effects primarily
occur during RCMC and SRC, but these effects are negligible.
Accounting for them does not significantly improve the pre-
cision and accuracy of the derived effects originating from
the along-track ionospheric variations within the synthetic
aperture; instead, it would complicate the theoretical analysis
and make it challenging to obtain closed-form results.

APPENDIX B
FOCUSING OF AZIMUTH SIGNAL

The azimuth matched filter can be derived in either the time
domain or the frequency domain. Here, we briefly demonstrate
that the two filters yield equivalent results.

Assume that the SAR signal of a point target is

—Tﬂc) exp { jnKn*}

where 7 is the time, 7, is a constant time offset corresponding
to the Doppler centroid time of the azimuth SAR signal, T is
the pulse duration, and K is the linear FM rate. Its spectrum
can be derived using the POSP

5 (1) = rect ('7 (88)

2

S (f) = F{s(m)} =rect S+ e exp Jﬂ'f— (89)
|KIT

where f. = —Kn.. Here, the constant term resulting from

POSP is omitted. The frequency-domain matched filter is then
designed to cancel the quadratic phase term in the spectrum

_ [+ 1 f?
H (f) = rect (W) exp %]ﬂ'?} . (90)
The output of the matched filter is
Sout () = F S (/) H ()}
_ 1 f+f
=F {rect( TR )%
= sinc (KT) exp {—j2nf.n}. ©n

The peak position of the focused target is located at n = 0,
which corresponds to the zero Doppler time of the azimuth
SAR signal.

Since the actual azimuth signal is not exactly a linear FM
signal, as assumed in (88), it is difficult to derive its exact
analytical matched filter. In practice, a more common approach
used in azimuth focusing programs is to compute the matched
filter in the time domain. The time-domain matched filter is
the time-reversed, complex conjugate of s(n)

h(n) = s* (-n) = rect (77 -;77(-) exp {—jnKn’} . (92)
The output of this matched filter is
Sout () = FHF (s} F (h(})
_ -1 f + fc
=F %rect( KIT )}
= sinc (KT) exp {—j2nf.n} 93)
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leading to the same result as that obtained with the frequency-
domain matched filter.

APPENDIX C
SOLUTION OF Squadratic(17)

We denote the quadratic ionospheric phase component coef-
ficient as AK,, e.g., AK, = Kijo,, in (20). We approximate
the envelope W,(-) with a rectangular function to simplify the
derivation. Then, § quadraic(f;) can be given by

Wa (fy) exp { Alg 2}

~ rect (%) exp %jﬂA[ga fﬂz}
~ rect (J;) exp {jmufy}

where u = AK, /KZ. The time-domain signal is then

N quadratic (f 7])

(94)

Squadratic (77) = / Squadralic (fr]) exXp {]Zﬂfnﬂ}dfn

Su
= | ewlmuyesp linsnh s, 09
L
where fy = B/2, and f; = —B/2. The amplitude of the above
expression is symmetric about the zero point. Because direct
evaluation of this integral is challenging, we use the Fresnel
integrals to obtain a solution.

For the case of p > 0 (AK, > 0), Squadgraiic(77) can be written
as

squadratic (77)

2
T n
:exp{—]ﬂ'—}/ exp JEZ,u(fn—k—) df,
H) g H
1 2} gu(n) T,
= exp y—jmr— / exp {]—g }dg
V2u H) Jertm 2
1 n

gu(n) T, gr(n) o,
(/ exp {ng }dg—/ exp {ng }dg)
0 0

(96)

where ¢ = u'*(fy, + n/w). gL = QW' (fL + n/w
Quw'"*(=B/2 + n/w). and gu(n) = Qw'"*(fu + n/p
Qw)'"*(B/2 + n/p).

Conversely, when u <0 (AK, < 0), Squadraiic(17) becomes

Squadratic (m

L. o { . 772}
= Xp {—jr—
V2|l u

gu(n) T g1(n) P
. 2 . 2
X eXp{—J—g dg - [ eXp{—J—g dg)
(/ 36 s~ | 2|

o7)

QluD'*(=B/2 + n/w),

where g = QluD'"(f, + n/w), gr(n) =
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and gy (1) = luD)'*(B/2 + n/p).
By applying the Fresnel cosine integral and the Fresnel sine

integral
" by
C(u) = [ cos (Egz) dg
Qu (98)
T
S () = / sin (=g) dg
and Euler’s formula
exp {jO} = cos (6) + jsin (6) (99)

the exponential functions in the integrand can be expressed
in (100).Combining (96), (97), and (100), Squadraic(77) can
be expressed in (101).Thus, it indicates that the quadratic
ionospheric phase component introduces a phase error relative
to the original SAR signal.

APPENDIX D
CLOSED-FORM APPROXIMATION OF ®guagratic(17)

Using the power-series expansions of the Fresnel integrals,
the phase of Squadraic(77), denoted by ®guadraic(17), can be
approximated in a closed form.

Using Euler’s formula, the complex Fresnel integrals in
(96) and (97) can be expressed in terms of the Fresnel cosine
integral and the Fresnel sine integral, as shown in (100). The
Fresnel cosine integral and the Fresnel sine integral can be
expanded into their respective power-series forms as given in
(102) [33], where

Cay1 = (=1 (2k)! (4k + 1) (103)
Sars = (=D 2

2k + 1! (4k +3)
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By retaining the first two terms of the power-series expansions,
the complex Fresnel integrals, as shown in (100), can be
approximated as

" ) T3
exp {J—g }dg ~u+ jzu
[ ol
/) U3
exp{—j—g }dgzu—j—u .
/0 2 6

Following (96), the expression for Squadratic(17) for u> 0 can be
written as

(104)

Squadratic m
2
el
[
gu(n) gL(n)
X (/O exp {jggz} dg - /O exp {jggz} dg)
e %‘j”%z}
T
X {[gH m + jggir (n)] - [gL ) + j%gi (n)]}
u
x Lo @ - ge.00] + 7% (23 0 - g ()]}

Q

(105)
Following (97), when u < 0, the signal becomes

Squadratic )]

L p% . nzé
= ——exp—jn—
V2|l u

gu(n) K gr(m) F
x (/ eXp{—JEgz}dg—/ eXp{—JEgz}dg)
0 0

/Ou exp {jggz} dg = /Oucos (7—2rg2) dg + j/ou sin (ggz) dg =C )+ jS (w

/Ou exp {—jggz} dg = ./Oucos (7—2rg2> dg - j/ou sin (7—2rg2) dg=C)—jS (u).

(100)

\V2u
i PO D) ()] o (B (3 2) s (B8 o
vme"p%"”_}
llevm(2 e () (4 ) (42
[ eos (5) as Zc LA .

‘. Zz)d :OOS 43 _ T3 T
/Osm(Zg 8 Z 4k+3U 6” 336“

k=0

L S ™ y
42240

LT
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Q

1 2
exp {—jﬂn—}
lul I

<[ n = Tk 0] - [en - 2t ]}

[\

T
<Alenm-a ] -z [ m-gi]f. (106
Thus, its phase is given by
q)quadratic @)
™ arctan (7_r &) - & (n))
~ K 6 81 () = 81 (1) '
n ngy(m—g (n))
—nr—-arctan | ————=—— |, u<0
7 (6gﬁ(n)—gL(77) K
AL Lt AU p
~ M 6gn(m—gL (77)’ (107)
3 o3
A8 /10 Rk AN
uo 6gu(m)—gLm)
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